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 1 ΊΑɽٻͷੵΛ࣍

(a)

∫

x,y≥0
x+y≤a

xy dx dy (a ≥ 0) (b)

∫

[0,b]2\[0,a]2
xy dx dy (0 ≤ a ≤ b)

(c)

∫

x2+y2≤x+y
xy dx dy (d)

∫

x,y≥0
a2≤x2+y2≤b2

xy dx dy (0 ≤ a ≤ b)

(e)

∫

0≤x≤1√
x≤y≤1

√
1 + y3 dx dy (f)

∫

a≤x≤b
|y|≤x

dx dy

x2 + y2
(0 < a ≤ b)

 2 ҙͷ R ≥ 0ʹରͯ͠ɼܘ Rͷ nٿݩ࣍ମ Bn(R) = {(x1, . . . , xn) ∈ Rn; x2
1 + · · ·+ x2

n ≤ R2}
ՄଌͰ͋ΔɽBn(R)ͷଌʢମੵʣµ(Bn(R)) =

∫
Bn(R) 1 dx1 · · · dxn ͕

µ(Bn(R)) = Vn(R) :=
2⌈

n
2 ⌉π⌊n

2 ⌋Rn

n!!
(n = 2, 3, 4, . . . )

ʹΑΓ༩͑ΒΕΔ͜ͱΛ nʹؔ͢Δؼೲ๏Ͱࣔ͢ɽ·ͣ B2(R) = πR2 Ͱ͋Δɽ

(a) Λࣔͤɽ࣍

V2n(R) =
2nπnR2n

(2n)!!
, V2n+1(R) =

2n+1πnR2n+1

(2n+ 1)!!
(n = 1, 2, 3, . . . ).

(b) ҙͷ n = 0, 1, 2, . . . ʹରͯ͠
∫ 1
−1(1− x2)n dx = 2(2n)!!

(2n+1)!! ͕Γཱͭ͜ͱΛࣔͤɽ

(c) ҙͷ n = 0, 1, 2, . . . ʹରͯ͠
∫ 1
−1(1− x2)n+

1
2 dx = π(2n+1)!!

(2n+2)!! ͕Γཱͭ͜ͱΛࣔͤɽ

(d) n ≥ 1ͷͱ ʢ͖ҙͷR ≥ 0ʹରͯ͠ʣµ(B2n(R)) = V2n(R)͕Γཱͭͱ͢Δɽ͜ͷͱ͖ µ(B2n+1(R)) =

V2n+1(R)͕Γཱͭ͜ͱΛࣔͤɽ

(e) n ≥ 1 ͷͱ͖ʢҙͷ R ≥ 0 ʹରͯ͠ʣµ(B2n+1(R)) = V2n+1(R) ͕Γཱͭͱ͢Δɽ͜ͷͱ͖

µ(B2n+2(R)) = V2n+2(R)͕Γཱͭ͜ͱΛࣔͤɽ
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 1 ͷੵΛͦΕͧΕ I ͱ͓͘ɽ

(a) ੵൣғ 0 ≤ x ≤ a ͔ͭ 0 ≤ y ≤ a − x ͱදͤΔͷͰ I =
∫ a
0 (
∫ a−x
0 xy dy) dxɽྦྷੵ࣍Λܭ

Δɿ(i)͢ࢉ
∫ a−x
0 xy dy = [xy

2

2 ]y=a−x
y=0 = x(a−x)2

2 ɽ(ii)
∫ a
0

x(a−x)2

2 dx = [−x(a−x)3

6 ]x=a
x=0 +

∫ a
0

(a−x)3

6 dx =

0 + [− (a−x)4

24 ]x=a
x=0 = a4

24ɽ͜ΕΑΓ I = a4

24ɽ

(b) z ≥ 0ʹରͯ͠ I(z) :=
∫
[0,z]2 xy dx dy ͱ͓͘ɽ͜ͷͱ͖ੵൣғʹؔ͢ΔՃ๏ੑΑΓ Ib = I + Iaɽ·ͨ

I(z) ͷੵൣғ 0 ≤ x ≤ z ͔ͭ 0 ≤ y ≤ z ͱදͤΔͷͰ I(z) =
∫ z
0 (
∫ z
0 xy dy) dx =

∫ z
0 x(

∫ z
0 y dy) dx =

(
∫ z
0 x dx)(

∫ z
0 y dy) = (

∫ z
0 x dx)2 = ( z

2

2 )2 = z4

4 ɽैͬͯ I = Ib − Ia = b4−a4

4 ɽ

(c)ੵൣғ (x− 1
2 )

2+(y− 1
2 )

2 ≤ ( 1√
2
)2ͱදͤΔɽʢத৺ ( 12 ,

1
2 )ɼܘ

1√
2
ͷԁ൫ɽʣͦ ͜Ͱ x = 1

2+r cos θɼ

y = 1
2 + r sin θ ͱ͓͍ͯมม͢Δɽ͜ͷͱ͖ʢ࠲ۃඪʣ(r, θ)ʹؔ͢Δੵൣғͱͯ͠ 0 ≤ r ≤ 1√

2
͔ͭ

0 ≤ θ ≤ 2π ͕ͱΕΔɽ·ͨؔ Φ : (r, θ) %→ (x, y)ͷϠίϏྻߦ Φ′ =
( ∂x

∂r
∂x
∂θ

∂y
∂r

∂y
∂θ

)
=
(
cos θ −r sin θ
sin θ r cos θ

)
Ͱ͋Γɼ

ͦͷࣜྻߦ detΦ′ = r(cos2 θ + sin2 θ) = rɽैͬͯ I =
∫
0≤r≤ 1√

2
0≤θ≤2π

xy × |detΦ′| dr dθ =
∫
0≤r≤ 1√

2
0≤θ≤2π

r( 12 +

r cos θ)( 12 + r sin θ) dr dθ =
∫ 1√

2

0 {
∫ 2π
0 r( 14 + r cos θ

2 + r sin θ
2 + r2 cos θ sin θ) dθ} drɽ͜͜Ͱ

∫ 2π
0 cos θ dθ =

∫ 2π
0 sin θ dθ =

∫ 2π
0 cos θ sin θ dθ = 0 ΑΓ I =

∫ 1√
2

0 {
∫ 2π
0

r
4 dθ} dr =

∫ 1√
2

0
πr
2 dr = [πr

2

4 ]
r= 1√

2

r=0 = π
8ɽ

(d) x = r cos θɼy = r sin θ ͱ͓͍ͯ࠲ۃඪʹม͢Δɽࠓɼ࠲ۃඪ (r, θ) ʹؔ͢Δੵൣғͱ

ͯ͠ a ≤ r ≤ b ͔ͭ 0 ≤ θ ≤ π
2 ͕ͱΕΔɽ·ͨؔ (r, θ) %→ (x, y) ͷϠίϏࣜྻߦ rɽ

ैͬͯ I =
∫
a≤r≤b
0≤θ≤π

2

xy × r dr dθ =
∫
a≤r≤b
0≤θ≤π

2

r3 cos θ sin θ dr dθ =
∫ b
a (
∫ π

2

0 r3 cos θ sin θ dθ) dr =

∫ b
a r3(

∫ π
2

0 cos θ sin θ dθ) dr = (
∫ b
a r3 dr)(

∫ π
2

0 cos θ sin θ dθ)ɽ͜͜Ͱ
∫ b
a r3 dr = [ r

4

4 ]
r=b
r=a = b4−a4

4 ͓Αͼ
∫ π

2

0 cos θ sin θ dθ = [ sin
2 θ
2 ]

θ=π
2

θ=0 = 1
2 ΑΓ I = b4−a4

4 × 1
2 = b4−a4

8 ɽ

(e) ੵൣғ 0 ≤ y ≤ 1͔ͭ 0 ≤ x ≤ y2 ͱදͤΔͷͰ I =
∫ 1
0 (
∫ y2

0

√
1 + y3 dx) dy =

∫ 1
0 y2

√
1 + y3 dy =

[ 29 (1 + y3)
3
2 ]y=1

y=0 = 4
√
2−2
9 ɽ

(f) x = sɼy = st ͱ͓͍ͯมม͢Δɽ͜ͷͱ͖ s, t ʹؔ͢Δੵൣғͱͯ͠ʢ۠ؒʣa ≤ s ≤ b ͔

ͭ −1 ≤ t ≤ 1 ͕ͱΕΔɽ·ͨؔ Φ : (s, t) %→ (x, y) ͷϠίϏྻߦ Φ′ =
( ∂x

∂s
∂x
∂t

∂y
∂s

∂y
∂t

)
= ( 1 0

t s ) Ͱ͋

Γɼͦͷࣜྻߦ detΦ′ = sɽैͬͯ I =
∫

a≤s≤b
−1≤t≤1

|detΦ′|
x2+y2 ds dt =

∫
a≤s≤b
−1≤t≤1

ds dt
s(1+t2) =

∫ b
a (
∫ 1
−1

dt
s(1+t2) ) ds =

∫ b
a

1
s (
∫ 1
−1

dt
1+t2 ) ds = (

∫ b
a

ds
s )(
∫ 1
−1

dt
1+t2 )ɽ͜͜Ͱ

∫ b
a

ds
s = [log s]s=b

s=a = log b
aɽ·ͨ t = tan θ ͱ͓͘ͱ

∫ 1
−1

dt
1+t2 =

∫ π
4

−π
4
1 dθ = π

2ɽΏ͑ʹ I = π
2 log b

aɽ

 2 (a) n = 1, 2, 3, . . . ʹରͯ͠ ⌈ 2n
2 ⌉ = ⌈n⌉ = n ͓Αͼ ⌊ 2n

2 ⌋ = ⌊n⌋ = n ΑΓୈ 1 ࣜΛಘΔɽಉ༷ʹ

⌈ 2n+1
2 ⌉ = ⌈n+ 1

2⌉ = n+ 1 ͓Αͼ ⌊ 2n+1
2 ⌋ = ⌊n+ 1

2⌋ = n ΑΓୈ 2ࣜΛಘΔɽ

(b) In :=
∫ 1
−1(1 − x2)n dx ͱ͓͘ɽ͜ͷͱ͖ x = sin t ͱ͓͘ͱ In =

∫ π
2

−π
2
cos2n+1 t dtɽ෦ੵʹΑΓ

In =
∫ π

2

−π
2
cos t× cos2n t dt = [sin t× cos2n t]

π
2
−π

2
+ 2n

∫ π
2

−π
2
sin2 t× cos2n−1 t dt = 0 + 2n

∫ π
2

−π
2
(1− cos2 t)×

cos2n−1 t dt = 2n(In−1 − In)ɽ͜ΕΑΓ In = 2n
2n+1In−1ɽ·ͨ I0 = 2ɽैͬͯ In = (2n)!!

(2n+1)!!I0 = 2(2n)!!
(2n+1)!!ɽ

(c) Jn :=
∫ 1
−1(1 − x2)n+

1
2 dxͱ͓͘ɽ͜ͷͱ͖ x = sin tͱ͓͘ͱ Jn =

∫ π
2

−π
2
cos2n+2 t dtɽ෦ੵʹΑΓ

Jn =
∫ π

2

−π
2
cos t×cos2n+1 t dt = [sin t×cos2n+1 t]

π
2
−π

2
+(2n+1)

∫ π
2

−π
2
sin2 t×cos2n t dt = 0+(2n+1)

∫ π
2

−π
2
(1−

cos2 t)× cos2n t dt = (2n+ 1)(Jn−1 − Jn)ɽ͜ΕΑΓ Jn = 2n+1
2n+2Jn−1ɽ·ͨ J0 =

∫ π
2

−π
2
cos2 t dt = π

2ɽैͬ



ͯ Jn = 2(2n+1)!!
(2n+2)!! J0 = π(2n+1)!!

(2n+2)!! ɽ

(d) µ(B2n+1(R)) =
∫
B2n+1(R) 1 dx1 · · · dx2n+1 =

∫ R
−R(

∫
B2n((R2−x2

2n+1)
1
2 )

1 dx1 · · · dx2n) dx2n+1 =
∫ R
−R µ(B2n((R2 − t2)

1
2 )) dtɽԾఆͱ (a)ΑΓ µ(B2n((R2 − t2)

1
2 )) = V2n((R2 − t2)

1
2 )) = 2nπn(R2−t2)n

(2n)!! ɽ͜

ΕΑΓ µ(B2n+1(R)) = 2nπn

(2n)!!

∫ R
−R(R

2 − t2)n dt = 2nπnR2n+1

(2n)!! Inɽʢ∵ t = Rx ͱ͓͍ͨɽʣैͬͯ (b) ΑΓ

µ(B2n+1(R)) = 2nπnR2n+1

(2n)!! × 2(2n)!!
(2n+1)!! =

2n+1πnR2n+1

(2n+1)!! ɽ(a)ΑΓ͜Ε V2n+1(R)ʹ͍͠ɽ

(e) (d)ͱಉ༷ʹͯ͠ µ(B2n+2(R)) = 2n+1πnR2n+2

(2n+1)!! Jnɽ(c)ΑΓ µ(B2n+1(R)) = 2n+1πnR2n+2

(2n+1)!! × π(2n+1)!!
(2n+2)!! =

2n+1πn+1R2n+2

(2n+2)!! ɽ(a)ΑΓ͜Ε V2n+2(R)ʹ͍͠ɽ


