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໰୊ 1 ൒ܘ R ≥ 0ͷٿମ A = {(x, y, z) ∈ R3; x2 + y2 + z2 ≤ R2}ͷମੵ µ(A) =
∫
A 1 dx dy dz Λ ݩ࣍3

ܘΊΑɽͨͩ͠൒ٻʹ͍ͣ༺ඪΛ࠲ۃ r ≥ 0ͷԁ൫ͷ໘ੵ͕ πr2 ʹ౳͍͜͠ͱΛূ໌ͳ͠Ͱ༻͍ͯΑ͍ɽ

໰୊ 2 ൒ܘ R ≥ 0ͷԁப A = {(x, y, z) ∈ R3; x2 + y2 ≤ R2}͓Αͼ B = {(x, y, z) ∈ R3; x2 + z2 ≤ R2}
ͷڞ௨෦෼ A ∩B ͷମੵ µ(A ∩B) =

∫
A∩B 1 dx dy dz ΛٻΊΑɽ

໰୊ 3 a ≥ 0 ͱ͢Δɽू߹ A = {(x, y) ∈ R2; x, y ≥ 0,
√
x +

√
y ≤ a} ͷ໘ੵ µ(A) =

∫
A 1 dx dy Λٻ

ΊΑɽ

໰୊ 4 ؔ਺ f(x, y) = x − y ͱू߹ A = {(x, y) ∈ R2; − 1 ≤ x + y ≤ 1, − 1 ≤ x + 2y ≤ 2}Λ͑ߟΔɽ
ੵ෼

I =

∫

A
f dx dy =

∫

−1≤x+y≤1
−1≤x+2y≤1

(x− y) dx dy

Λม਺ม׵ s = x+ yɼt = x+ 2y Λ༻͍ͯٻΊΑɽ

໰୊ 5 a, b, c ≥ 1ͱ͢Δɽؔ਺ f ͸ू߹ A = {(x, y, z) ∈ R3; x ∈ [1, a], xy ∈ [1, b], xyz ∈ [1, c]}্࿈ଓͱ
͢Δɽ͜ͷͱ͖

∫

A
f(x, y, z) dx dy dz =

∫

B

f(u, v
u ,

w
v )

uv
du dv dw

͕੒Γཱͭ͜ͱΛࣔͤɽͨͩ͠ B = [1, a]× [1, b]× [1, c]Ͱ͋Δɽ

໰୊ 6 R ≥ 0ͱ͢Δɽؔ਺ f(x, y) = exp(x2 + y2)ͱू߹ A = {(x, y) ∈ R2; x ≥ 0, x2 + y2 ≤ R2}Λߟ
͑Δɽੵ෼

I =

∫

A
f dx dy =

∫

x≥0
x2+y2≤R2

exp(x2 + y2) dx dy

Λ࠲ۃඪʹมٻͯ͠׵ΊΑɽ

໰୊ 7 ू߹ A,B ⊂ Rn ʹରͯ࣍͠ͷ໋୊Λࣔͤɽ

(a) ೚ҙͷ఺ x ∈ ∂(A ∪B)ʹରͯ࣍͠ͷ (i), (ii)ͷ಺গͳ͘ͱ΋Ұํ͕੒Γཱͭɿ(i) ೚ҙͷ δ > 0ʹରͯ͠

Uδ(x) ∩A ̸= ∅ɽ(ii) ೚ҙͷ δ > 0ʹରͯ͠ Uδ(x) ∩B ̸= ∅ɽ
(b) ∂(A ∪B) ⊂ ∂A ∪ ∂Bɽ
(c) ∂(A ∩B) ⊂ ∂A ∪ ∂Bɽ
(d) A,B ͕ՄଌͳΒ͹ A \B ΋ՄଌͰ͋Δɽ
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໰୊ 1 Aࠓ = {(x, y, z) ∈ R3; x ∈ [−R,R], (y, z) ∈ Ax}ɽͨͩ͠Ax = {(y, z) ∈ R2; y2+z2 ≤ R2−x2}ɽ
͜ΕΑΓ µ(A) =

∫ R
−R(

∫
(y,z)∈Ax 1 dy dz) dx =

∫ R
−R µ(Ax) dxɽ͜͜Ͱ Ax ͸൒ܘ

√
R2 − x2 ͷԁͳͷͰ

µ(Ax) = π(R2 − x2)ɽΏ͑ʹ µ(A) =
∫ R
−R π(R

2 − x2) dx = [π(R2x− x3

3 )]x=R
x=−R = 4πR3

3 ɽ

໰୊ 2 A ∩ B = {(x, y, z) ∈ R3; x2 + y2 ≤ R2, x2 + z2 ≤ R2} = {(x, y, z) ∈ R3; x ∈ [−R,R], (y, z) ∈
[−ϕ(x),ϕ(x)]2}ɽͨͩ͠ ϕ(x) =

√
R2 − x2ɽ͜ΕΑΓ µ(A ∩ B) =

∫ R
−R(

∫
[−ϕ(x),ϕ(x)]2 1 dy dz) dx =

∫ R
−R µ([−ϕ(x),ϕ(x)]2) dx =

∫ R
−R 4(R2 − x2) dx = [4(R2x− x3

3 )]x=R
x=−R = 16R3

3 ɽ

໰୊ 3 ؔ਺ (x, y) = Φ(s, t) Λ x = s2ɼy = t2 ʹΑΓఆΊΔɽ͜ͷͱ͖ू߹ B = {(s, t) ∈ R2; s, t ≥
0, s+ t ≤ a}ʹؔͯ͠ Φ(B) = A͔ͭ Φ͸ B ্୯ࣹɽ·ͨϠίϏྻߦ

Φ′ =

(
∂x
∂s

∂x
∂t

∂y
∂s

∂y
∂t

)
=

(
2s 0
0 2t

)

͸ B ্ st = 0ͱͳΔ఺Λআ͍ͯਖ਼ଇɽͦ͜ͰM = {(x, y) ∈ A; xy = 0}͓Αͼ N = {(s, t) ∈ B; st = 0}
ͱ͓͘ͱ Φ(B \N) = A \M ͔ͭ Φ͸ B \N ্୯ࣹͰ͋Γ Φ′ ͸ B \N ্ਖ਼ଇɽ·ͨ µ(M) = µ(N) = 0ɽ

ैͬͯ I =
∫
A\M 1 dx f dy =

∫
B\N |detΦ′| ds dt =

∫
B |detΦ′| ds dt =

∫
B 4st ds dtɽࠓ B = {(s, t) ∈

R2; s ∈ [0, a], t ∈ [0, a − s]} ΑΓޙ࠷ͷੵ෼Λྦྷੵ࣍෼ʹ௚ͤͯ I =
∫ a
0 (
∫ a−s
0 4st dt) dsɽྦྷੵ࣍෼Λ

Δɽ(i)͢ࢉܭ s Λఆ਺ͱݟͳͯ͠
∫ a−s
0 4st dt = [2st2]t=a−s

t=0 = 2s(a − s)2ɽ(ii) I =
∫ a
0 2s(a − s)2 ds =

[− 2s(a−s)3

3 ]s=a
s=0 +

∫ a
0

2(a−s)3

3 ds = [− (a−s)4

6 ]s=a
s=0 = a4

6 ɽ

໰୊ 4 ؔ਺ (s, t) = Ψ(x, y)Λ s = x+ yɼt = x+ 2y ʹΑΓఆΊΔɿ

Ψ :

(
s
t

)
= C

(
x
y

)
, C =

(
1 1
1 2

)
.

ྻߦ਺܎ C ͸ਖ਼ଇͳͷͰ Ψ͸ R2 ্ՄٯͰ͋Γ

Ψ−1 :

(
x
y

)
= C−1

(
s
t

)
.

Φ = Ψ−1 ͱ͓͘ͱด۠ؒ B = [−1, 1] × [−1, 2] ʹؔͯ͠ Φ(B) = A ͔ͭ Φ ͸ B ্୯ࣹɽ·ͨϠίϏྻߦ

Φ′ = C−1 ͸ R2 ্ਖ਼ଇɽʢ࣮ࡍ detC−1 = (detC)−1 = 1 ̸= 0ɽʣैͬͯ I =
∫
B f(Φ) × |detΦ′| ds dt =

∫
B(3s− 2t) ds dt =

∫ 2
−1(
∫ 1
−1(3s− 2t) ds) dtɽޙ࠷ͷྦྷੵ࣍෼Λ͢ࢉܭΔɽ(i) tΛఆ਺ͱݟͳͯ͠

∫ 1
−1(3s−

2t) ds = [ 3s
2

2 − 2st]s=1
s=−1 = −4tɽ(ii) I =

∫ 2
−1(−4t) dt = [−2t2]t=2

t=−1 = −6ɽ

໰୊ 5 ؔ਺ (x, y, z) = Φ(u, v, w)Λ u = xɼv = xyɼw = xyz ͢ͳΘͪ x = uɼy = v
uɼz = w

v ʹΑΓఆΊ

Δɽ͜ͷͱ͖ Φ(B) = A͔ͭ Φ͸ B ্୯ࣹɽ·ͨϠίϏྻߦ

Φ′ =

⎛

⎜⎜⎝

∂x
∂u

∂x
∂v

∂x
∂w

∂y
∂u

∂y
∂v

∂y
∂w

∂z
∂u

∂z
∂v

∂z
∂w

⎞

⎟⎟⎠ =

⎛

⎜⎝

1 0 0

− v
u2

1
u 0

0 − w
v2

1
v

⎞

⎟⎠



͸B্ਖ਼ଇɽʢ࣮ࡍ detΦ′ = 1
uv ͸B্ඇྵɽʣै ͬͯ

∫
A f(x, y, z) dx dy dz =

∫
B f(Φ)×|detΦ′| du dv dw =

∫
B

f(u, vu ,wv )
uv dv dwɽ

໰୊ 6 ؔ਺ (x, y) = Φ(r, θ) Λ࠲ۃඪม׵ x = r cos θɼy = r sin θ ʹΑΓఆΊΔɽ͜ͷͱ͖ด۠ؒ

B = [0, R]× [−π
2 ,

π
2 ]͓Αͼ N = {(0, θ) ∈ B}ʹؔͯ͠ Φ(B \N) = A \ {(0, 0)}͔ͭ Φ͸ B \N ্୯ࣹɽ

·ͨϠίϏྻߦ

Φ′ =

(
∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

)
=

(
cos θ −r sin θ
sin θ r cos θ

)

͸B\N ্ਖ਼ଇɽʢ࣮ࡍ detΦ′ = r(cos2 θ+sin2 θ) = r͸B\N ্ඇྵɽʣै ͬͯ I =
∫
B f(Φ)×|detΦ′| dr dθ =

∫
B exp(r2)× r dr dθ =

∫ π
2

−π
2
(
∫ R
0 rer

2

dr) dθ = (
∫ π

2

−π
2
1dθ)(

∫ R
0 rer

2

dr) = π × [ e
r2

2 ]r=R
r=0 = π(eR

2
−1)

2 ɽ

໰୊ 7 (a)఺ x ∈ ∂(A∪B)Λ೚ҙʹͱΔɽ͜ͷͱ͖೚ҙͷ δ > 0ʹରͯ͠ Uδ(x)∩(A∪B) = (Uδ(x)∩A)∪
(Uδ(x)∩B) ̸= ∅ɽࠓ (i)͕੒Γཱͨͳ͍ͱ͢Δɽ͜ͷͱ͖ Uδ′(x)∩A = ∅Λຬͨ͢ δ′ > 0͕ଘ͢ࡏΔɽಛʹ

೚ҙͷ 0 < δ ≤ δ′ ʹରͯ͠ Uδ(x) ⊂ Uδ′(x)ΑΓ Uδ(x) ∩ A ⊂ Uδ′(x) ∩ A = ∅ͱͳΔͷͰ Uδ(x) ∩ A = ∅ɽ
͜ΕΑΓ೚ҙͷ 0 < δ ≤ δ′ ʹରͯ͠ Uδ(x) ∩ B ̸= ∅ Ͱͳ͚Ε͹ͳΒͳ͍ɽ͞Βʹ೚ҙͷ δ > δ′ ʹରͯ͠

Uδ(x) ⊃ Uδ′(x)ΑΓ Uδ(x) ∩B ⊃ Uδ′(x) ∩B ̸= ∅ͱͳΔͷͰ Uδ(x) ∩B ̸= ∅ɽΏ͑ʹ (ii)͕੒Γཱͭɽ

(b) ఺ x ∈ ∂(A ∪ B)Λ೚ҙʹͱΔɽ͜ͷͱ͖ (a)ΑΓ (i), (ii)ͷ಺গͳ͘ͱ΋Ұํ͕੒Γཱͭɽ·ͨ೚ҙͷ

δ > 0ʹରͯ͠ Uδ(x) ∩ (A ∪B)c = (Uδ(x) ∩Ac) ∩ (Uδ(x) ∩Bc) ̸= ∅ɽ͜ΕΑΓ࣍ͷ (I), (II)͸ͱ΋ʹ੒Γ

ཱͭɿ(I) ೚ҙͷ δ > 0ʹରͯ͠ Uδ(x)∩Ac ̸= ∅ɽ(II) ೚ҙͷ δ > 0ʹରͯ͠ Uδ(x)∩Bc ̸= ∅ɽैͬͯ (i)͕

੒Γཱͭͱ͖͸ (I)ΑΓ x ∈ ∂A͕੒Γཱͪɼ͞΋ͳ͚Ε͹ (ii)͕੒ΓཱͭͷͰ (II)ΑΓ x ∈ ∂B Ͱ͋ΔɽΏ

͑ʹ x ∈ ∂A ∪ ∂B ͕੒Γཱͭɽ
(c)೚ҙͷू߹X ⊂ Rnʹରͯ͠ ∂X = ∂Xc͕੒Γཱͭ͜ͱʹ஫ҙ͢Δͱɼ(a)ΑΓ ∂(A∩B) = ∂(A∩B)c =

∂(Ac ∪Bc) ⊂ ∂Ac ∪ ∂Bc = ∂A ∪ ∂Bɽ
(d) A,B ͸Մଌͱ͢Δɽ(b)ΑΓ ∂(A \B) = ∂(A ∩Bc) ⊂ ∂A ∪ ∂Bc = ∂A ∪ ∂BɽԾఆΑΓ ∂Aͱ ∂B ͸ͱ

΋ʹྵू߹ͳͷͰ ∂A ∪ ∂B ͸ྵू߹Ͱ͋Δɽैͬͯͦͷ෦෼ू߹Ͱ͋Δ ∂(A \ B)΋ྵू߹Ͱ͋ΔɽΏ͑ʹ

A \B ͸ՄଌͰ͋Δɽ


