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ू߹ A ⊂ Rn ʹରͯ͠ µ(A)ɼµ∗(A)ɼµ∗(A)ͦΕͧΕ Aͷʢδϣϧμϯʣଌɼ֎ଌɼଌΛද͢ɽ

 1 ۠ؒ I = [a1, b1)× [a2, b2) ⊂ R2ʢai < biʣͷڥք ∂I = {a1, b1}× [a2, b2] ∪ [a1, b1]× {a2, b2}Λߟ
͑Δɽ

(a) µ∗(∂I) = 0Λࣔͤɽ

(b) µ(∂I) = 0Λࣔͤɽ

 2 R2 ͷू߹ B := {(x, y) ∈ Q2; 0 ≤ x, y < 1} ྵू߹͕ͩʢδϣϧμϯʣՄଌͰͳ͍͜ͱΛࣔ͢ɽ
k = 1, 2, 3, . . . ʹରͯ͠ Ak := { i−1

k ; i = 1, 2, . . . , k}ͱ͓͘ɽ
(a)

⋃∞
k=1

⋃∞
ℓ=1 Ak ×Aℓ = B Λࣔͤɽ

(b) ҙͷ k, ℓ ≥ 1ʹରͯ͠ Ak ×Aℓ ྵू߹Ͱ͋Δ͜ͱΛࣔͤɽ

(c) B ྵू߹Ͱ͋Δ͜ͱΛࣔͤɽ

(d) B ʹؚ·ΕΔجຊू߹ۭू߹ʹݶΔ͜ͱΛࣔͤɽͨͩ͠ R2 ͷجຊू߹ͱۭू߹ͱʢࠨ։ʣ۠ؒ

[a1, b1)× [a2, b2)ʢai < biʣ͓ΑͼͦΕΒͷ༗ݶͰ͋Δɽ

(e) µ∗(B) = 0Λࣔͤɽ

(f) B ΛؚΉجຊू߹۠ؒ I := [0, 1)× [0, 1)ΛؚΉ͜ͱΛࣔͤɽ

(g) µ∗(B) = 1Λࣔͤɽ

(h) B ՄଌͰͳ͍͜ͱΛࣔͤɽ

 3 ݅ x2 + 2y2 = 57
32 ͷԼͰؔ f(x, y) = 4x+ 5y খʹͳΔΛ୳͢ɽۃେɾۃ͕

(a) ϥάϥϯδϡͷະఆ๏ʹؔ͢ΔԼهͷఆཧ LΛ༻͍ͯ f ͕ू߹ A = {(x, y) ∈ R2; x2 + 2y2 = 57
32}

ΊΑɽٻখʹͳΔͷީิΛۃେɾۃ্

(b) ӄؔʹؔ͢ΔԼهͷఆཧ IΛ༻͍ͯ (a)ͰٻΊͨͰ f ͕ A্ۃେɾۃখʹͳΔ͔ௐΑɽ

ఆཧ L ؔ f(x, y)͓Αͼ g(x, y)։ू߹ U ⊂ R2 ্ C1 ͱ͢Δɽfڃ ′ = (fx, fy)͓Αͼ g′ = (gx, gy)ͱ

͓͘ɽू߹ A = {x ∈ U ; g(x) = 0}ʹؔͯ͠ɼf  g′(a, b) ̸= (0, 0)Λຬͨ͢ (a, b) ∈ AͰ A্ۃେ·ͨ

ۃখʹͳΔͱ͢Δɽ͜ͷͱ͖ఆ λ ∈ R͕ଘͯ͠ࡏ f ′(a, b) = λg′(a, b)͕Γཱͭɽ

ఆཧ I ؔ g(x, y) ։ू߹ U ⊂ R2 ্ C1 ͱ͢Δɽgڃ  (a, b) ∈ U ʹରͯ͠ g(a, b) = 0 ͔ͭ

gy(a, b) ̸= 0Λຬͨ͢ͱ͢Δɽ͜ͷͱ͖ aΛؚΉ։۠ؒ I ͱ bΛؚΉ։۠ؒ J Ͱ I × J ⊂ U Λຬͨ͢

ͷͱ C1 ؔڃ γ : I → J ͕ଘ͕࣍ͯ͠ࡏΓཱͭɿ

(i) b = γ(a)ɽ

(ii) ҙͷ (x, y) ∈ I × J ʹରͯ͠ g(x, y) = 0 ⇔ y = γ(x)ɽ

(iii) ҙͷ x ∈ I ʹରͯ͠ gy(x, γ(x)) ̸= 0͔ͭ γ′(x) = − gx(x,γ(x))
gy(x,γ(x))

ɽ



ղྫʢୈ 9ճʣ

 1 (a) ҙͷ ε > 0ʹରͯ͠ɼ۠ؒ J1 = [a1, a1 + ε) × [a2, b2 + ε)ɼJ2 = [b1, b1 + ε) × [a2, b2 + ε)ɼ

J3 = [a1, b1+ε)×[a2, a2+ε)ɼJ4 = [a1, b1+ε)×[b2, b2+ε)ͷ J1∪J2∪J3∪J4 ∂AΛؚΉجຊू߹ɽैͬ

ͯ 0 ≤ µ∗(∂I) ≤ µ(J1∪J2∪J3∪J4) ≤ µ(J1)+µ(J2)+µ(J3)+µ(J4) = 2ε(b2−a2+ε)+2ε(b1−a1+ε) =

2ε(b1 − a1 + b2 − a2 + 2ε)ɽ͜ΕΑΓ 0 ≤ µ∗(∂I) ≤ 0͢ͳΘͪ µ∗(∂I) = 0Ͱ͋Δɽ

(b) 0 ≤ µ∗(∂I) ≤ µ∗(∂I) = 0ΑΓ µ∗(∂I) = µ∗(∂I) = 0ɽ

 2 (a) ҙͷ k, ℓ ≥ 1 ʹରͯ͠ Ak × Aℓ = {( i−1
k , j−1

ℓ ); i = 1, 2, . . . , k, j = 1, 2, . . . , ℓ} ⊂ B

ΑΓ
⋃∞

k=1

⋃∞
ℓ=1 Ak × Aℓ ⊂ Bɽҙͷ (x, y) ∈ B ʹରͯ͠ x, y ∈ Q ͔ͭ 0 ≤ x, y < 1 ΑΓ x = i−1

a ɼ

y = j−1
b ͔ͭ 1 ≤ i ≤ aɼ1 ≤ j ≤ bΛຬͨ͢ਖ਼ a, b, i, j ͕ଘ͢ࡏΔɽ͜ͷͱ͖ x ∈ Aaɼy ∈ Ab ͳͷͰ

(x, y) ∈ Aa ×Ab ⊂
⋃∞

k=1

⋃∞
ℓ=1 Ak ×AℓɽΏ͑ʹ B ⊂

⋃∞
k=1

⋃∞
ℓ=1 Ak ×Aℓɽ

(b)  xi,j := ( i−1
k , j−1

ℓ )ʢi, j = 1, 2, 3, . . .ʣΛ x1,1,x1,2,x2,1,x1,3,x2,2,x3,1,x1,4, . . . ͷཁྖͰ 1 ྻʹ

ฒͯྻ {ym}m=1,2,3,... Λͭ͘Δɽ͜ͷͱ͖ด۠ؒ Km := [ym,ym] = {ym} Λ͑ߟΔͱด۠ؒྻ
{Km}m=1,2,3,...  Ak × Aℓ Λ෴͏ɽ͞Βʹ µ(Km) = 0ΑΓҙͷ ε > 0ʹରͯ͠

∑∞
m=1 µ(Km) = 0 ≤ εɽ

Ώ͑ʹ Ak ×Aℓ ྵू߹Ͱ͋Δɽ

(c) ू߹ Xk,ℓ := Ak ×Aℓʢk, ℓ = 1, 2, 3, . . .ʣΛ X1,1, X1,2, X2,1, X1,3, X2,2, X3,1, X1,4, . . . ͷཁྖͰ 1ྻʹ

ฒͯू߹ྻ {Ym}m=1,2,3,... Λͭ͘Δɽ͜ͷͱ͖ (a)ΑΓ B = ∪∞
m=1Ymɽ·ͨ (b)ΑΓ֤ Ym ྵू߹ɽྵ

ू߹ྻͷྵू߹ͳͷͰ͜ΕΑΓ B ྵू߹Ͱ͋Δɽ

(d) B ۭͰͳ͍جຊू߹ΛؚΉͱ͢Δɽ͜ͷͱ͖۠ؒ J = [a1, b1)× [a2, b2)ʢai < biʣ͕ଘͯ͠ࡏ J ⊂ Bɽ

ࠓ a1 < b1 ΑΓແཧ x ∈ [a1, b1)͕ଘ͢ࡏΔɽ͜ͷͱ͖ (x, a2) ∈ J ⊂ B ͱͳΓ B ͷఆٛʹໃ६ɽ

(e) (d)ΑΓ B ʹؚ·ΕΔجຊू߹ۭू߹ʹݶΔɽैͬͯ µ∗(B) = µ(∅) = 0ɽ

(f) ҙͷ༗ݸݶͷ۠ؒ J1, . . . , Jm ʹରͯ͠
⋃m

i=1 Ji  B ΛؚΉͱ͢Δɽجຊू߹͔Β۠ؒΛҾ͍ͨͷ

جຊू߹ͳͷͰ K := I \
⋃m

i=1 Ji جຊू߹Ͱ͋ΔɽK ̸= ∅ ͱ͢Δͱ۠ؒ L = [a1, b1) × [a2, b2) ⊂ K

ʢai < biʣ͕ଘ͢ࡏΔɽࠓ a1 < b1 ͓Αͼ a2 < b2 ΑΓ༗ཧ x ∈ [a1, b1)ɼy ∈ [a2, b2) ͕ଘ͢ࡏΔɽ

͢Δͱ L ⊂ K ⊂ I ΑΓ 0 ≤ ai < bi < 1 ͳͷͰ (x, y) ∈ Bɽ͔͠͠ B ⊂
⋃m

i=1 Ji ͱ K ͷఆٛΑΓ

(x, y) ∈ L ⊂ K ⊂ (
⋃m

i=1 Ji)
c ⊂ Bc ͱͳΓໃ६ɽ

(g) ۠ؒ I  B ΛؚΉͷͰ µ∗(B) ≤ µ(I) = 1ɽҰํɼҙͷ B ΛؚΉجຊू߹ J ʹରͯ͠ (f)ΑΓ J ⊃ I

ͳͷͰ µ(J) ≥ µ(I) = 1ɽµ∗(B)ͦͷΑ͏ͳ µ(J)ͷԼݶͳͷͰ µ∗(B) ≥ 1ɽҎ্ΑΓ µ∗(B) = 1Ͱ͋Δɽ

(h) (e)ͱ (g)ΑΓ B ͷଌͱ֎ଌҰக͠ͳ͍ͷͰ B ՄଌͰͳ͍ɽ

 3 (a) g(x, y) = x2 + 2y2 − 57
32 ͱ͓͘ɽ͜ͷͱ͖ A = {(x, y) ∈ R2; g(x, y) = 0}ɽ·ͨ f, g ։ू߹

R2 ্ C1 Ͱڃ f ′ = (fx, fy) = (4, 5)ɼg′ = (gx, gy) = (2x, 4y)ɽಛʹ g′ ݪҎ֎Ͱ (0, 0)ʹͳΒͳ͍ͷͰ

Λؚ·ͳ͍ݪ A্ (0, 0)ʹͳΒͳ͍ɽैͬͯ f ͕ (a, b) ∈ AͰ A্ۃେ·ͨۃখʹͳΔͱ͢Δͱɼఆ

ཧ LΑΓ λ ∈ R͕ଘͯ͠ࡏ f ′(a, b) = λg′(a, b)ɽ͜ͷͱ͖

a2 + 2b2 =
57

32
, 4 = 2aλ, 5 = 4bλ

Ͱ͋Γɼ͜ͷํఔࣜΛຬͨ͢ͷ a = ±1ɼb = ± 5
8ɼλ = ±2 ͷΈɽʢෳ߸ಉॱɽʣैͬͯ f  2 



(a+, b+) = (1, 5
8 )͓Αͼ (a−, b−) = (−1,− 5

8 )Ҏ֎Ͱ A্ۃେʹۃখʹͳΒͳ͍ɽ

(b) g ։ू߹ R2 ্ C1 Ͱڃ g(a+, b+) = 0 ͔ͭ gy(a+, b+) = 4b+ = 5
2 ̸= 0ɽैͬͯఆཧ I ΑΓ

a+ ΛؚΉ։۠ؒ I ͱ b+ ΛؚΉ։۠ؒ J ͓Αͼ C1 ؔڃ γ : I → J ͕ଘ͕࣍ͯ͠ࡏΓཱͭɿ(i)

b+ = γ(a+)ɽ(ii) ҙͷ x ∈ I ͓Αͼ y ∈ J ʹରͯ͠ g(x, y) = 0 ⇔ y = γ(x)ɽ(iii) ҙͷ x ∈ I ʹର

ͯ͠ gy(x, γ(x)) = 4γ(x) ̸= 0 ͔ͭ γ′(x) = − gx(x,γ(x))
gy(x,γ(x))

= − x
2γ(x)ɽI ্ͷ C1 ؔڃ ϕ(x) = f(x, γ(x)) ʹ

ؔͯ͠ (iii) ΑΓ ϕ′ = fx + fyγ′ = 4 − 5x
2γɽ͞Βʹ (iii) ΑΓ ϕ′  I ্ C1 Ͱ͋Γڃ ϕ′′ = − 5

2γ + 5xγ′

2γ2 =

− 5
2γ − 5x2

4γ3ɽࠓ f ′(a+, b+) = λg′(a+, b+) Λຬͨ͢ λ ͕ଘ͢ࡏΔͷͰ a+  ϕ ͷఀཹɽ͞Βʹ (i) ΑΓ

ϕ′′(a+) = − 5
2b+

− 5a2
+

4b3+
= − 228

25 < 0ɽҎ্ΑΓ ϕ ఀཹ a+ ͰਅʹۃେʹͳΔɽैͬͯ (ii) ΑΓ f 

(a+, b+)Ͱ A্ਅʹۃେʹͳΔɽ

g(a−, b−) = 0͔ͭ gy(a−, b−) = 4b− = − 5
2 ̸= 0ΑΓ (a−, b−)ʹରͯ͠ఆཧ IʹΑΔಉ༷ͷٞՄ

ɽͨͩ͠ ϕ′′(a−) = − 5
2b−

− 5a2
−

4b3−
= − 228

25 > 0ΑΓ ϕఀཹ a− ͰਅʹۃখʹͳΔͷͰ f  (a−, b−)

Ͱ A্ਅʹۃখʹͳΔɽ


