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๏Λ༻͍ͯΑ͍ɿهͷ࣍

•ʢࠨ։ʣ۠ؒ I ⊂ Rn ্༗քͳؔ f ͓Αͼ I ͷখ۠ؒͷׂ ∆ = {I1, . . . , Im}ʹରͯ͠

Pf (∆) :=
m∑

i=1

inf
x∈Ii

f(x)× µ(Ii), Qf (∆) :=
m∑

i=1

sup
x∈Ii

f(x)× µ(Ii).

ͨͩ͠ू߹ X ⊂ Rn ʹରͯ͠ µ(X) X ͷʢδϣϧμϯʣଌͰ͋Δɽ

• ू߹ Aʹରͯ͠ χA  AͷఆٛؔΛද͢ɽ

ੵʹؔ͢Δ࣍ͷఆཧΛূ໌ͳ͠Ͱ༻͍ͯΑ͍ɽ

ఆཧ. ؔ f, g ༗քू߹ A ⊂ Rn ্༗քͱ͢Δɽ͜ͷͱ͖ɿ

(I) f, g ͕ A ্ՄੵͳΒɼҙఆ c, d ∈ R ʹରͯؔ͠ cf + dg  A ্ՄੵͰ
∫
A(cf + dg) dx =

c
∫
A f dx+d

∫
A g dxɽ

(II) µ(A) = 0ͳΒ f  A্ՄੵͰ
∫
A f dx = 0ɽ

 1 ؔ f, g ༗քू߹ A ⊂ Rn ্༗քͱ͢Δɽf, g  A্Մੵͱ͢Δɽ͜ͷͱ͖࣍ͷ໋͕Γཱ

ͭ͜ͱΛࣔ͢ɿA্ f ≤ g ͳΒ
∫
A f dx ≤

∫
A g dx͕Γཱͭɽ

(a) A͕۠ؒͷͱ͖͜ͷ໋͕Γཱͭ͜ͱΛࣔͤɽ

(b) A͕۠ؒͰͳ͍ͱ͖͜ͷ໋͕Γཱͭ͜ͱΛࣔͤɽ

 2 ؔ f, g ༗քू߹ A ⊂ Rn ্༗քͱ͢Δɽ࣍ͷ໋͕Γཱͭ͜ͱΛࣔ͢ɿf, g ͕ A্Մੵͳ

Βؔ fg  A্ՄੵͰ͋Δɽ

(a) ؔ ϕ۠ؒ J ⊂ Rn ্༗քͱ͢Δɽ͜ͷͱ͖ supx∈J ϕ(x)− infx∈J ϕ(x) = supx,x′∈J |ϕ(x)− ϕ(x′)|
͕Γཱͭ͜ͱΛࣔͤɽ

(b) A͕۠ؒͷͱ্͖هͷ໋͕Γཱͭ͜ͱΛࣔͤɽ

(c) A͕۠ؒͰͳ͍ͱ্͖هͷ໋͕Γཱͭ͜ͱΛࣔͤɽ

 3 ؔ f ༗քू߹ A,B ⊂ Rn ্༗քͱ͢Δɽf  A,B ্ՄੵͰ µ(A ∩B) = 0ͱ͢Δɽ

(a) I Λ A ∪B ΛؚΉ۠ؒͱ͢Δɽ͜ͷͱ͖ I ্ χA∪B + χA∩B = χA + χB ͕Γཱͭ͜ͱΛࣔͤɽ

(b) f  A ∪B ্ՄੵͰ
∫
A∪B f dx =

∫
A f dx+

∫
B f dx ͕Γཱͭ͜ͱΛࣔͤɽ



ղྫʢୈ 8ճʣ

 1 (a)۠ؒA্ f ≤ gͱ͢Δɽ͜ͷͱ͖ҙͷAͷׂ∆ʹରͯ͠ Pg−f (∆) ≥ 0ΑΓ
∫
A
(g−f) dx ≥

0ɽ͞ΒʹԾఆͱఆཧ (I)ΑΓ g−f A্ՄੵͰ
∫
A g dx−

∫
A f dx =

∫
A(g−f) dx =

∫
A
(g−f) dx ≥ 0ɽ

(b) ۠ؒͰͳ͍ A ্ f ≤ g ͱ͢ΔɽI Λ A ΛؚΉ۠ؒͱ͢ΔɽԾఆΑΓ fχA, gχA  I ্Մੵ͔ͭ

gχA − fχA = (g − f)χA ≥ 0ɽैͬͯ (a)ΑΓ
∫
A f dx =

∫
I fχA dx ≤

∫
I gχA dx =

∫
A g dxɽ

 2 (a) supx,x′∈J |ϕ(x) − ϕ(x′)| = supx,x′∈J{ϕ(x) − ϕ(x′)} = supx∈J ϕ(x) + supx′∈J{−ϕ(x′)} =

supx∈J ϕ(x)− infx′∈J ϕ(x′)ɽ

(b) AΛ۠ؒͱ͢ΔɽC := supx∈A |f(x)|ɼD := supx∈A |g(x)| ͱ͓͘ɽҙͷ Aͷׂ ∆ = {I1, . . . , Im}
ʹରͯ͠ ai := supx∈Ii f(x)g(x) − infx∈Ii f(x)g(x) ͱ͓͘ͱ Qfg(∆) − Pfg(∆) =

∑m
i=1 aiµ(Ii)ɽ͜

͜Ͱ (a) ΑΓ ai = supx,x′∈Ii |f(x)g(x) − f(x′)g(x′)|ɽ͞Βʹҙͷ x ∈ A ʹରͯ͠ |f(x)g(x) −
f(x′)g(x′)| ≤ |f(x) − f(x′)||g(x′)| + |f(x)||g(x) − g(x′)| ≤ D|f(x) − f(x′)| + C|g(x) − g(x′)| ΑΓ
ai ≤ supx,x′∈Ii{D|f(x)− f(x′)|+ C|g(x)− g(x′)|} ≤ D supx,x′∈Ii |f(x)− f(x′)|+ C supx,x′∈Ii |g(x)−
g(x′)|}ɽ࠶ͼ (a) ΑΓ ai ≤ D{supx∈Ii f(x) − infx∈Ii f(x)} + C{supx∈Ii g(x) − infx∈Ii g(x)}ɽΏ͑ʹ
Qfg(∆) − Pfg(∆) ≤

∑m
i=1[D{supx∈Ii f(x) − infx∈Ii f(x)} + C{supx∈Ii g(x) − infx∈Ii g(x)}] × µ(Ii) =

D{Qf (∆) − Pf (∆)} + C{Qg(∆) − Pg(∆)}ɽ͜ΕΑΓ 0 ≤
∫
Afg dx−

∫
Afg dx ≤ D(

∫
Af dx−

∫
Af dx) +

C(
∫
Ag dx−

∫
Ag dx)ɽf, g ͕ A্ՄੵͳΒɼ͜ͷෆࣜͷ࠷ӈล 0ͳͷͰதล 0͢ͳΘͪ fg  A

্ՄੵͰ͋Δɽ

(c) I Λ AΛؚΉ۠ؒͱ͢Δɽf, g ͕ A্ՄੵͳΒ fχA ͱ gχA  I ্ՄੵͰ͋Δɽ͞Βʹ (b)ΑΓ

(fχA)(gχA) = (fg)χA  I ্ՄੵͰ͋Δɽ

 3 (a) I = (A∩B)∪(A\B)∪(B\A)∪{I \(A∪B)}͓Αͼ (i) A∩B্ χA∪B = χA∩B = χA = χB = 1

ΑΓ χA∪B + χA∩B = χA + χBɼ(ii) A \ B ্ χA∪B = χA = 1ɼχA∩B = χB = 0 ΑΓಉɼ(iii) B \ A ্
χA∪B = χB = 1ɼχA∩B = χA = 0 ΑΓಉɼ(iv) I \ (A ∪ B) ্ χA∪B = χA∩B = χA = χB = 0 ΑΓಉɽ

ैͬͯ I ্ χA∪B + χA∩B = χA + χB ͕Γཱͭɽ

(b) ԾఆΑΓ fχA, fχB  I ্Մੵɽ·ͨԾఆͱఆཧ (II) ΑΓ fχA∩B  I ্ՄੵͰ
∫
I fχA∩B dx =

∫
A∩B f dx = 0ɽैͬͯ (a) ͱఆཧ (I) ΑΓ fχA∪B = fχA + fχB − fχA∩B  I ্ՄੵͰ

∫
A∪B f dx =

∫
I fχA∪B dx =

∫
I fχA dx+

∫
I fχB dx−

∫
I fχA∩B dx =

∫
A f dx+

∫
B f dxɽ


