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ϥάϥϯδϡͷະఆ৐਺๏ʹؔ͢Δ࣍ͷఆཧΛূ໌ͳ͠Ͱ༻͍ͯΑ͍ɿ

ఆཧ. R ʹ஋ΛͱΔؔ਺ f ͱ Rm ʹ஋ΛͱΔؔ਺ G = (g1, . . . , gm) ͸։ू߹ U ⊂ Rn ্ C1 ͱ͢Δɽͨڃ

ͩ͠ m ≤ nɽf ͸఺ a ∈ A := {x ∈ U ; G(x) = 0} Ͱ A ͨ·খʹͳΔͱ͢Δɽۃେ·ͨ͸ۃ্ G ͷϠί

Ϗྻߦ G′ = ( ∂gi∂xj
)i=1,...,m
j=1,...,n

͸఺ aͰߦϑϧϥϯΫͱ͢ΔɿrankG′(a) = mɽ͜ͷͱ͖ʢϥάϥϯδϡ৐਺ʣ

λ = (λ1, . . . ,λm) ∈ Rm ͕ଘͯ͠ࡏ f ′(a) = λG′(a)͢ͳΘͪ ∂f
∂xj

(a) =
∑m

i=1 λi
∂gi
∂xj

(a) ʢj = 1, . . . , nʣ͕

੒Γཱͭɽͨͩ͠ f ′ = ( ∂f∂x1
, . . . , ∂f

∂xn
)ɽ

໰୊ 1 ৚݅ x2 − y2 = 1ͷԼͰؔ਺ f(x, y) = x+ αyʢ|α| < 1ʣ͕ۃେɾۃখʹͳΔ఺Λ୳͢ɽ

(a) ͍ͯ༺ͷఆཧΛه্ f ͕ A = {(x, y) ∈ R2; x2 − y2 = ΊΑɽٻখʹͳΔ఺ͷީิΛۃେɾۃ্{1
(b) ӄؔ਺ఆཧΛ༻͍ͯ (a)ͰٻΊͨ఺Ͱ f ͕ A্ۃେɾۃখʹͳΔ͔ௐ΂Αɽ

໰୊ 2 ৚݅ x+ y + z = 1͔ͭ xy = z2 ͷԼͰؔ਺ f(x, y, z) = x͕ۃେɾۃখʹͳΔ఺Λ୳͢ɽ

(a) ͍ͯ༺ͷఆཧΛه্ f ͕ A = {(x, y, z) ∈ R3; x+ y + z = 1, xy = z2}্ۃେɾۃখʹͳΔ఺ͷީิΛ
ΊΑɽٻ

(b) ӄؔ਺ఆཧΛ༻͍ͯ (a)ͰٻΊͨ఺Ͱ f ͕ A্ۃେɾۃখʹͳΔ͔ௐ΂Αɽ

໰୊ 3 ୈ 1৅ݶ಺ͷ࢛൒ପԁ A = {(x, y) ∈ R2; x > 0, y > 0, x2

p2 + y2

q2 = 1}্Λಈ͘఺ PΛ͑ߟΔɽͨ

ͩ͠ p > 0ɼq > 0ɽݪ఺ͱ఺ PΛ݁Ϳઢ෼Λର֯ઢͱ͢Δ௕ํܗͷप௕Λ Lɼ໘ੵΛ S ͱ͓͘ɽ

(a) L͸఺ P(a, b)Ͱ࠷େʹͳΔͱ͢Δɽ্هͷఆཧΛ༻͍ͯ (a, b)ΛٻΊΑɽ·ͨͦͷͱ͖ͷ LΛٻΊΑɽ

(b) S ͸఺ P(a, b)Ͱ࠷େʹͳΔͱ͢Δɽ্هͷఆཧΛ༻͍ͯ (a, b)ΛٻΊΑɽ·ͨͦͷͱ͖ͷ S ΛٻΊΑɽ

໰୊ 4 ରশྻߦ A ∈ Rn ʹରͯ͠੪ ਺ؔ࣍2

f(x) = xTAx =
n∑

i=1

n∑

j=1

ai,jxixj

Λ͑ߟΔɽͨͩ͠ x = (x1, . . . , xn)T Ͱ͋Δɽ

(a) ภಋؔ਺ ∂f
∂xk
ʢk = 1, . . . , nʣΛٻΊΑɽ

(b) ʢn− ໘ٿʣݩ࣍1 S = {x ∈ Rn; ∥x∥ = 1}Λ͑ߟΔɽf ͸఺ v ∈ S Ͱ S খʹͳΔͱ͢ۃେ·ͨ͸ۃ্

Δɽ͜ͷͱ͖ v ͸ Aͷݻ༗ϕΫτϧͰ͋Δ͜ͱΛ্هͷఆཧΛ༻͍ͯࣔͤɽ



ղ౴ྫʢୈ 7ճʣ

໰୊ 1 (a) f ͸ R2্ C1ڃͰ f ′ = (fx, fy) = (1,α)ɽg(x, y) = x2−y2−1ͱ͓͘ɽ͜ͷͱ͖A = {(x, y) ∈
R2; g(x, y) = 0}ɽ·ͨ g ͸ R2 ্ C1 ྻߦͰϠίϏڃ g′ = (gx, gy) = (2x,−2y)͸ A্ߦϑϧϥϯΫɽʢ࣮

఺ͷΈͰݪϥϯΫ͕མͪΔͷ͸ࡍ A͸ݪ఺Λؚ·ͳ͍ɽʣैͬͯ f ͕఺ (a, b) ∈ AͰ A্ۃେ·ͨ͸ۃখʹ

ͳΔͱ͢ΔͱɼఆཧΑΓ fx(a, b) = λgx(a, b)͔ͭ fy(a, b) = λgy(a, b)Λຬͨ͢ λ͕ଘ͢ࡏΔɽ͜ͷͱ͖

a2 − b2 = 1, 1 = 2aλ, α = −2bλ.

ୈ 2,3ࣜΑΓʢλ ̸= 0͔ͭʣa = 1
2λɼb = − α

2λɽ͜ΕΛୈ 1ࣜʹ୅ೖͯ͠ 1−α2

4λ2 = 1͢ͳΘͪ λ = ±
√
1−α2

2 ɽ

ैͬͯ a = ± 1√
1−α2ɼb = ∓ α√

1−α2ɽʢෳ߸ಉॱɽҎԼಉɽʣҎ্ΑΓ 2఺ (a±, b±) = (± 1√
1−α2 ,∓ α√

1−α2 ) ∈ A

Ҏ֎Ͱ͸ f ͸ A্ۃେɾۃখʹͳΒͳ͍ɽ

(b) g ͸ R2 ্ C1 Ͱ͋Γڃ gx(a+, b+) = 2a+ = 2√
1−α2 ̸= 0ɽैͬͯӄؔ਺ఆཧΑΓ఺ b+ ΛؚΉ։۠ؒ I ͱ

఺ a+ ΛؚΉ։۠ؒ J ͓Αͼ C1 ਺ؔڃ γ : I → J ͕ଘ͕࣍ͯ͠ࡏ੒Γཱͭɿ(i) a+ = γ(b+)ɽ(ii) ೚ҙͷ

y ∈ Iɼx ∈ J ʹରͯ͠ g(x, y) = 0 ⇔ x = γ(y)ɽ(iii) ೚ҙͷ y ∈ I ʹରͯ͠ gx(γ(y), y) = 2γ(y) ̸= 0͔ͭ

γ′(y) = − gy(γ(y),y)
gx(γ(y),y)

= y
γ(y)ɽ(ii)ΑΓ f ͕఺ (a+, b+)Ͱ A্ۃେʢۃখʣʹͳΔ͜ͱ͸ɼI ্ͷؔ਺ ϕ(y) =

f(γ(y), y)͕఺ b+ ͰۃେʢۃখʣʹͳΔ͜ͱͱಉ஋ɽϕ͸ I ্ C1 Ͱڃ (iii)ΑΓ ϕ′ = fxγ′ + fy = y
γ + αɽ

ಛʹ f ′(a+, b+) = λg′(a+, b+)Λຬͨ͢ λ͕ଘ͢ࡏΔͷͰ ϕ′(b+) = 0ɽ͞Βʹ (iii)ΑΓ ϕ′ ͸ I ্ C1 Ͱڃ

ϕ′′ = 1
γ − yγ′

γ2 = 1
γ − y2

γ3ɽಛʹ (i)ΑΓ ϕ′′(b+) =
1
a+

− b2+
a3
+

= (1 − α2)
√
1− α2 > 0ɽҎ্ΑΓ ϕ͸ఀཹ఺

b+ ͰਅʹۃখɽΏ͑ʹ f ͸఺ (a+, b+) = ( 1√
1−α2 ,− α√

1−α2 )Ͱ A্ਅʹۃখʹͳΔɽ

఺ (a−, b−)ʹؔͯ͠΋ gz(a−, b−) = 2a− = − 1√
1−α2 ̸= 0ΑΓӄؔ਺ఆཧʹΑΔಉ༷ͷٞ࿦͕Մೳɽͨͩ

͜͠ͷ৔߹ ϕ′′(b−) = −(1 − α2)
√
1− α2 < 0ͱͳΔͷͰ f ͸఺ (a−, b−) = (− 1√

1−α2 ,
α√

1−α2 )Ͱ A্ਅʹ

େʹͳΔɽۃ

໰୊ 2 (a) f ͸ R3 ্ C1 ,ɽg1(xڃ y, z) = x + y + z − 1ɼg2(x, y, z) = xy − z2 ͱ͓͘ɽ͜ͷͱ͖

A = {(x, y, z) ∈ R3; G(x, y, z) = 0}ɽ·ͨؔ਺ G = (g1, g2)͸ R3 ্ C1 ྻߦͰϠίϏڃ

G′ =

(∂g1
∂x

∂g1
∂y

∂g1
∂z

∂g2
∂x

∂g2
∂y

∂g2
∂z

)
=

(
1 1 1
y x −2z

)
(*)

͸ A ࡍϑϧϥϯΫɽʢ࣮ߦ্ G′ ͷϥϯΫ͕མͪΔͷ͸ x = y = −2z ͷͱ͖ͷΈͰɼ͜ͷͱ͖ g1 = g2 = 0

͸ຬͨ͞Εͳ͍ɽʣैͬͯ f ͕఺ (a, b, c) ∈ A Ͱۃେ·ͨ͸ۃখʹͳΔͱ͢ΔͱɼఆཧΑΓ f ′(a, b, c) =

(λ1,λ2)g′(a, b, c)Λຬͨ͢ λ1,λ2 ͕ଘ͢ࡏΔɽ͜ͷͱ͖ fx = 1ɼfy = fz = 0͓Αͼ (*)ΑΓ

a+ b+ c = 1, ab = c2,

1 = λ1 + bλ2, 0 = λ1 + aλ2, 0 = λ1 − 2cλ2.

ୈ 4,5͔ࣜΒ λ1Λফ͢ڈΔͱ (a+2c)λ2 = 0ɽ͜͜Ͱ λ2 = 0ͱ͢Δͱୈ 4,5ࣜΑΓ λ1 = 0Ͱ͋Γɼ͞ Βʹୈ

3ࣜΑΓ 0 = 1ͱͳΔͷͰෆదɽैͬͯ a = −2cɽ͜ΕΛୈ 2ࣜʹ୅ೖ͢Δͱ −2bc = c2ɽ(I) c = 0ͷͱ͖ɿ

a = −2c = 0ɽa = c = 0Λୈ 1ࣜʹ୅ೖ͢Δͱ b = 1ɽ͜ͷͱ͖ λ1 = 0ɼλ2 = 1ͱ͢Δͱୈ 3,4,5ࣜ͸ຬͨ

͞ΕΔɽ(II) c ̸= 0͔ͭ b = − c
2 ͷͱ͖ɿୈ 1ࣜʹ a = −2cɼb = − c

2 Λ୅ೖ͢Δͱ c = − 2
3ɽ͜ΕΑΓ a = 4

3ɼ



b = 1
3ɽ͜ͷͱ͖ λ1 = 4

3ɼλ2 = −1 ͱ͢Δͱୈ 3,4,5 ࣜ͸ຬͨ͞ΕΔɽҎ্ΑΓ (a1, b1, c1) = (0, 1, 0)ɼ

(a2, b2, c2) = ( 43 ,
1
3 ,−

2
3 ) ͷ 2఺Ҏ֎Ͱ f ͸ A্ۃେɾۃখʹͳΒͳ͍ɽ

(b) G͸ R3 ্ C1 Ͱڃ

Gx,y =

(∂g1
∂x

∂g1
∂x

∂g2
∂x

∂g2
∂x

)
=

(
1 1
y x

)
, Gz =

(∂g1
∂z
∂g2
∂z

)
=

(
1

−2z

)
.

Gx,y(a1, b1, c1) =
(

1 1
b1 a1

)
= ( 1 1

1 0 ) ͸ਖ਼ଇɽैͬͯӄؔ਺ఆཧΑΓ఺ c1 ΛؚΉ։۠ؒ I ͱ఺ (a1, b1)

ΛؚΉྖҬ J ⊂ R2 ͓Αͼ C1 ਺ؔڃ Γ : I → J ͕ଘ͕࣍ͯ͠ࡏ੒ΓཱͭɿΓ = (γ1, γ2) ͱ͓͘ͱ͖ (i)

(a1, b1) = Γ(c1)͢ͳΘͪ a1 = γ1(c1)͔ͭ b1 = γ2(c1)ɽ(ii)೚ҙͷ z ∈ Iɼ(x, y) ∈ J ʹରͯ͠G(x, y, z) = 0

⇔ (x, y) = Γ(z) ⇔ x = γ1(z)͔ͭ y = γ2(z)ɽ(iii) ೚ҙͷ z ∈ I ʹରͯ͠ Gx,y(γ1(z), γ2(z), z)͸ਖ਼ଇʢ͢

ͳΘͪ detGx,y(γ1(z), γ2(z), z) = γ1(z)− γ2(z) ̸= 0ʣͰ

Γ′(z) =

(
γ′1(z)
γ′2(z)

)
= −G−1

x,y(γ1(z), γ2(z), z)Gz(γ1(z), γ2(z), z)

= − 1

x− y

(
x −1
−y 1

)(
1

−2z

)
= − 1

x− y

(
x+ 2z
−y − 2z

)
(x = γ1(z), y = γ2(z)).

(ii) ΑΓ f ͕఺ (a1, b1, c1) ͰۃେʢۃখʣʹͳΔ͜ͱ͸ɼI ্ͷؔ਺ ϕ(z) = f(γ1(z), γ2(z), z) ͕఺ c1 Ͱ

খʣʹͳΔ͜ͱͱಉ஋ɽϕۃେʢۃ ͸ I ্ C1 Ͱڃ (iii) ΑΓ ϕ′ = fxγ′1 + fyγ′2 + fz = − γ1+2z
γ1−γ2ɽಛʹ

f ′(a1, b1, c1) = (λ1,λ2)G′(a1, b1, c1) Λຬͨ͢ λ1,λ2 ͕ଘ͢ࡏΔͷͰ ϕ′(c1) = 0ɽ͞Βʹ (iii) ΑΓ ϕ′ ͸

I ্ C1 Ͱڃ ϕ′′ = − γ′
1+2

γ1−γ2 + (γ1+2z)(γ′
1−γ

′
2)

(γ1−γ2)2 = −γ1−2γ2−2z
(γ1−γ2)2 − (γ1+2z)(γ1+γ2+4z)

(γ1−γ2)3 ɽಛʹ (i) ΑΓ ϕ′′(c1) =

−a1−2b1−2c1
(a1−b1)2

− (a1+2c1)(a1+b1+4c1)
(a1−b1)3

= 2 > 0ɽҎ্ΑΓ ϕ͸ఀཹ఺ c1ͰਅʹۃখɽΏ͑ʹ f ͸఺ (a1, b1, c1) =

(0, 1, 0)Ͱ A্ਅʹۃখʹͳΔɽ

఺ (a2, b2, c2) ʹؔͯ͠΋ Gx,y(a2, b2, c2) =
(

1 1
b2 a2

)
=
(

1 1
1
3

4
3

)
͸ਖ਼ଇͳͷͰӄؔ਺ఆཧʹΑΔಉ༷ͷ

ٞ࿦͕Մೳɽͨͩ͜͠ͷ৔߹ ϕ′′(c2) = −a2−2b2−2c2
(a2−b2)2

− (a2+2c2)(a2+b2+4c2)
(a2−b2)3

= −2 < 0 ͱͳΔͷͰ f ͸఺

(a2, b2, c2) = ( 43 ,
1
3 ,−

2
3 )ͰਅʹۃେʹͳΔɽ

໰୊ 3 (a) ؔ਺ f(x, y) = x+ yɼg(x, y) = x2

p2 + y2

q2 − 1Λ͑ߟΔɽ͜ͷͱ͖ A = {(x, y) ∈ U ; g(x, y) = 0}
Ͱ͋Γ f ͸఺ (a, b) ∈ A Ͱ A େʹͳΔɽͨͩ͠࠷্ U = {(x, y) ∈ R2; x, y > 0}ɽf, g ͸ U ্ C1 Ͱڃ

g′ = (gx, gy) = ( 2xp2 ,
2y
q2 )͸ A্ߦϑϧϥϯΫɽʢ࣮ࡍ g′ = (0, 0)ͱͳΔͷ͸ R2 ఺ͷΈɽʣैͬͯఆཧΑݪ্

Γ fx(a, b) = λgx(a, b)͔ͭ fy(a, b) = λgy(a, b)Λຬͨ͢ λ͕ଘ͢ࡏΔɽ͜ͷͱ͖ fx = fy = 1ΑΓ a > 0ɼ

b > 0͔ͭ a2

p2 + b2

q2 = 1ɼ2aλ
p2 = 2bλ

q2 = 1ɽ͜ΕΛຬͨ͢ͷ͸ a = p2√
p2+q2

ɼb = q2√
p2+q2

ɼλ =
√

p2+q2

2 ͷΈͳ

ͷͰ (a, b) = ( p2√
p2+q2

, q2√
p2+q2

)ɽ·ͨ͜ͷͱ͖ L = 2f(a, b) = 2(a+ b) = 2
√

p2 + q2ɽ

(b) ؔ਺ f(x, y) = xyɼg(x, y) = x2

p2 + y2

q2 − 1 Λ͑ߟΔɽ͜ͷͱ͖ (a) ͱಉ༷ʹͯ͠ɼఆཧΑΓ fx(a, b) =

λgx(a, b)͔ͭ fy(a, b) = λgy(a, b)Λຬͨ͢ λ͕ଘ͢ࡏΔɽ͜ͷͱ͖ fx = yɼfy = xΑΓ a > 0ɼb > 0͔ͭ
a2

p2 +
b2

q2 = 1ɼb = 2aλ
p2 ɼa = 2bλ

q2 ɽ͜ΕΛຬͨ͢ͷ͸ a = p√
2
ɼb = q√

2
ɼλ = pq

2 ͷΈͳͷͰ (a, b) = ( p√
2
, q√

2
)ɽ



·ͨ͜ͷͱ͖ S = f(a, b) = ab = pq
2 ɽ

໰୊ 4 (a)

∂

∂xk
(xixj) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2xk (i = j = k)

xj (i = k, j ̸= k)

xi (i ̸= k, j = k)

0 (i ̸= k, j ̸= k)

ΑΓ ∂f
∂xk

=
∑n

i=1

∑n
j=1 ai,j

∂
∂xk

(xixj) = 2ak,kxk +
∑

1≤j≤n
j ̸=k

ak,jxj +
∑

1≤i≤n
i ̸=k

ai,kxi = 2ak,kxk +
∑

1≤j≤n
j ̸=k

(ak,j + aj,k)xjɽ͞Βʹ aj,k = ak,j ΑΓ
∂f
∂xk

= 2ak,kxk + 2
∑

1≤j≤n
j ̸=k

ak,jxj = 2
∑n

j=1 ak,jxjɽ

(b) ؔ਺ g(x) = xTx =
∑n

j=1 x
2
j Λ͑ߟΔɽ͜ͷͱ͖ S = {x ∈ Rn; g(x) = 0}ɽf, g ͸ Rn ্ C1 Ͱڃ

g′ = ( ∂g∂x1
, . . . , ∂g

∂xn
) = (2x1, . . . , 2xn)͸ S ࡍϑϧϥϯΫɽʢ࣮ߦ্ g′ = (0, . . . , 0)ͱͳΔͷ͸ Rn ఺ͷݪ্

ΈͰ S ͸ݪ఺Λؚ·ͳ͍ɽʣैͬͯఆཧΑΓ ∂f
∂xk

(v) = λ ∂g
∂xk

(v) ʢk = 1, . . . , nʣΛຬͨ͢ʢk ʹґΒͳ͍ʣλ

͕ଘ͢ࡏΔɽ͜ͷͱ͖ v = (v1, . . . , vn)T ͱ͓͘ͱ
∑n

j=1 ak,jvj = λxkʢk = 1, . . . , nʣ͢ͳΘͪ Av = λvɽ

·ͨ v ∈ S ΑΓ v ̸= 0ɽΏ͑ʹ v ͸ Aͷʢݻ༗஋ λʹର͢Δʣݻ༗ϕΫτϧͰ͋Δɽ


