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໰୊ 1 ؔ਺ f(x, y) = exp(x2 + y2)Λ͑ߟΔɽ

(a) f ͷఀཹ఺ΛٻΊΑɽ

(b) f ͷϔοηྻߦΛٻΊΑɽ

(c) f ͸֤ఀཹ఺ͰۃେɾۃখʹͳΔ͔ௐ΂Αɽ

໰୊ 2 ؔ਺ f(x, y, z) = x2 + y2 + z2 + 2xy + 2xz − 2yz − xyz Λ͑ߟΔɽ

(a) f ͷఀཹ఺ΛٻΊΑɽ

(b) f ͷϔοηྻߦΛٻΊΑɽ

(c) f ͸֤ఀཹ఺ͰۃେɾۃখʹͳΔ͔ௐ΂Αɽ

໰୊ 3 ؔ਺ f(x, y) = cosx+ cos(x− y)Λ͑ߟΔ.

(a) f ͷఀཹ఺ΛٻΊΑɽ

(b) f ͷϔοηྻߦΛٻΊΑɽ

(c) f ͸֤ఀཹ఺ͰۃେɾۃখʹͳΔ͔ௐ΂Αɽ

໰୊ 4 ؔ਺ f(x, y, z)͸఺ (a, b, c) ∈ R3 ͰۃେʹͳΔͱ͢Δɽ͜ͷͱ͖ؔ਺ ϕ(x) := f(x, b, c)͸఺ aͰۃ

େʹͳΔ͜ͱΛࣔͤɽ

໰୊ 5 ೚ҙͷରশྻߦ A = (ai,j) ∈ Rn×n ʹରͯ࣍͠ͷ 2ͭ͸ಉ஋Ͱ͋Δ͜ͱΛࣔ͢ɽ

(i) ೚ҙͷඇྵϕΫτϧ v ∈ Rn ʹରͯ͠ vTAv > 0ɽ

(ii) Aͷट࠲খࣜྻߦ͸͢΂ͯਖ਼ɿdetA(k) > 0ʢk = 1, . . . , nʣ

ྻߦͩͨ͠ X ͔Β࠷ॳͷ k ߦ k ྻҎ֎Λআ͍ͯಘΒΕΔখྻߦΛ X(k)ͱද͢ɽ

(a) Aͷݻ༗஋Λॏෳ΋ࠐΊͯ λ1, . . . ,λn ͱ͓͘ɽ͜ͷͱ͖ detA = λ1 · · ·λn ͕੒Γཱͭ͜ͱΛࣔͤɽ
(b) ࣮͸ (i)͸ Aͷݻ༗஋͕͢΂ͯਖ਼Ͱ͋Δ͜ͱͱಉ஋Ͱ͋Δɽ͜Εͱ (a)Λ༻͍ͯ (i) ⇒ (ii) Λࣔͤɽ

(c) a1,1 ≠ 0ͷͱ͖ɼର֯੒෼͕͢΂ͯ 1ͷ্ྻߦ֯ࡾ Rɼ͓Αͼରশྻߦ A′ ∈ R(n−1)×(n−1) ͕ଘͯ͠ࡏ

RTAR =

(
a1,1 O
O A′

)

͕੒Γཱͭ͜ͱΛࣔͤɽ

(d) ͞Βʹ͜ͷͱ͖ detA(k + 1) = a1,1 detA′(k)ʢk = 1, . . . , n− 1ʣ͕੒Γཱͭ͜ͱΛࣔͤɽ

(e) (c)–(d)Λ༻͍ͯ (ii) ⇒ (i) Λ n = 1, 2, 3, . . . ʹؔ͢Δؼೲ๏Ͱࣔͤɽ



ղ౴ྫʢୈ 6ճʣ

໰୊ 1 (a) fx = 2x exp(x2 + y2)ɼfy = 2y exp(x2 + y2) ΑΓ fx = fy = 0 Λຬͨ͢ f ͷఀཹ఺͸

(x, y) = (0, 0)ͷΈɽ

(b) Hf =
(

fxx fxy

fxy fyy

)
= exp(x2 + y2)

(
(4x2+2) 4xy

4xy (4y2+2)

)
ɽ

(c) ఀཹ఺ (0, 0)ͰͷϔοηྻߦHf (0, 0) = ( 2 0
0 2 ) ͷݻ༗஋͸ 2ͷΈͰ͢΂ͯਖ਼ɽैͬͯ f ͸ఀཹ఺ (0, 0)Ͱ

ਅʹۃখʹͳΔɽ

໰୊ 2 (a) fx = 2x + 2y + 2z − yzɼfy = 2x + 2y − 2z − xzɼfz = 2x − 2y + 2z − xy ʹؔͯ͠ํఔࣜ

fx = fy = fz = 0Λղ͘ɽ͜ͷํఔࣜ͸࣍ͱಉ஋ɿfx−fy = z(4+x−y) = 0͔ͭ fx−fz = y(4+x−z) = 0

͔ͭ fy + fz = x(4 − y − z) = 0ɽ࠷ॳͷࣜΑΓ z = 0 ·ͨ͸ y = 4 + xɽ(i) z = 0 ͷͱ͖࢒ΓͷࣜΑΓ

y(4 + x) = x(4 − y) = 0ɽ͜ΕΑΓ x = y = 0·ͨ͸ x = −4ɼy = 4ɽ(ii) y = 4 + xͷͱ͖࢒ΓͷࣜΑΓ

(4 + x)(4 + x− z) = x(x+ z) = 0ɽ͜ΕΑΓ x = 0ɼz = 4·ͨ͸ x = −4ɼz = 4·ͨ͸ x = −2ɼz = 2ɽ

Ҏ্ΑΓ fx = fy = fz = 0͸ (x, y, z) = (0, 0, 0)ɼ(−4, 4, 0)ɼ(0, 4, 4)ɼ(−4, 0, 4)ɼ(−2, 2, 2)Ҏ֎ʹղΛ࣋

ͨͳ͍ɽ͞Βʹ͜ͷ 5఺͸͍ͣΕ΋ fx = fy = fz = 0ͷղͳͷͰ f ͸͜ͷ 5఺ͷΈΛఀཹ఺ͱͯͭ࣋͠ɽ

(b) Hf =

(
fxx fxy fxz

fxy fyy fyz

fxz fyz fzz

)
=

(
2 2−z 2−y

2−z 2 −2−x
2−y −2−x 2

)
ɽ

(c) (i) ఀཹ఺ (0, 0, 0)ͰͷϔοηྻߦHf (0, 0, 0) =
(

2 2 2
2 2 −2
2 −2 2

)
ͷݻ༗஋Λʢॏෳ΋ࠐΊͯʣλ1,λ2,λ3 ͱ͓͘

ͱ͖ λi ∈ Rʢi = 1, 2, 3ʣ͔ͭ λ1λ2λ3 = detHf (0, 0) = −32 < 0͔ͭ λ1 +λ2 +λ3 = trHf (0, 0, 0) = 8 > 0

ΑΓ λ1,λ2,λ3 ͸ 2 ͕ͭਖ਼Ͱ 1 ͕ͭෛɽ͜ΕΑΓϔοηྻߦ͸ਖ਼ෛͷݻ༗஋Λͭ࣋ͷͰఀཹ఺ (0, 0, 0) ͸ f

ͷҌ఺Ͱ͋Δɽಉ༷ʹఀཹ఺ (x, y, z) = (−4, 4, 0)ɼ(0, 4, 4)ɼ(−4, 0, 4) ͸͍ͣΕ΋ detHf = −32 > 0 ͔

ͭ trHf = 8 > 0Λຬͨ͢ͷͰ f ͷҌ఺Ͱ͋Δɽ(ii) ఀཹ఺ (−2, 2, 2) Ͱͷ f ͷϔοηྻߦ Hf (−2, 2, 2) =(
2 0 0
0 2 0
0 0 2

)
ͷݻ༗஋͸ 2 ͷΈɽಛʹ Hf (−2, 2, 2) ͸ਖ਼ͷݻ༗஋ͷΈͭ࣋ͷͰఀཹ఺ (−2, 2, 2) Ͱ f ͸ਅʹۃখ

ʹͳΔɽ

໰୊ 3 (a) fx = − sinx − sin(x − y)ɼfy = sin(x − y)ɽ͜ΕΑΓ fx = fy = 0 Λຬͨ͢ f ͷఀཹ఺͸

sinx = sin(x− y) = 0 ⇔ sinx = sin y = 0Λຬͨ͢఺ (x, y) = (mπ, nπ)ʢm,n ∈ ZʣͰ͋Δɽ
(b) Hf =

(
fxx fxy

fxy fyy

)
=
(

− cos x−cos(x−y) cos(x−y)
cos(x−y) − cos(x−y)

)
ɽ

(c) ఀཹ఺ (mπ, nπ)ʢm,n ∈ ZʣͰͷϔοηྻߦ͸
Hf (mπ, nπ) =

(
(−1)m+1+(−1)m+n+1 (−1)m+n

(−1)m+n (−1)m+n+1

)
ɽ͜ͷट࠲খࣜྻߦΛ࣍਺͸খ͍͞ॱʹ A1, A2 ͱ͓

͘ͱ͖ A1 = (−1)m+1 + (−1)m+n+1ɼA2 = (−1)nɽैͬͯఀཹ఺ (mπ, nπ) ͸ (i) n ਺ͷͱ͖ɼح͕

detHf (mπ, nπ) = A2 = −1 < 0ΑΓϔοηྻߦ Hf (mπ, nπ)͸ਖ਼ෛͷݻ༗஋Λͭ࣋ͷͰҌ఺ɽ(ii) m,n͕

਺ͷͱ͖ɼA1ۮ = (−1) + (−1) = −2 < 0ɼA2 = 1 > 0ΑΓϔοηྻߦ Hf (mπ, nπ)ͷݻ༗஋͸͢΂ͯෛ

ͳͷͰਅͷۃେ఺ɽ(iii) m ਺ɼnح͕ ਺ͷͱ͖ɼA1ۮ͕ = 1 + 1 = 2 > 0ɼA2 = 1 > 0 ΑΓϔοηྻߦ

Hf (mπ, nπ)ͷݻ༗஋͸͢΂ͯਖ਼ͳͷͰਅͷۃখ఺ɽ

໰୊ 4 f ͸఺ (a, b, c) ͰۃେʹͳΔͷͰ࣍Λຬͨ͢ δ > 0 ͕ଘ͢ࡏΔɿ∥(x, y, z) − (a, b, c)∥ < δ ͳΒ͹

f(x, y, z) ≤ f(a, b, c)ɽ͜ͷ δʹؔͯ͠ |x−a| < δͳΒ͹ ∥(x, b, c)− (a, b, c)∥ = ∥(x−a, 0, 0)∥ = |x−a| < δ

ΑΓ ϕ(x) = f(x, b, c) ≤ f(a, b, c) = ϕ(a)ɽ͜ΕΑΓ ϕ͸఺ aͰۃେʹͳΔɽ

໰୊ 5 (a) ༗ଟ߲ࣜͷࠜͳͷͰݻ༗஋͸ݻ det(zI − A) = (z − λ1) · · · (z − λn)ɽಛʹ z = 0 ͷͱ͖



ล͸ࠨ det(−A) = (−1)n detAɼӈล͸ (−λ1) · · · (−λn) = (−1)nλ1 · · ·λn ʹͦΕͧΕ౳͍͠ɽैͬͯ
detA = λ1 · · ·λn ͕੒Γཱͭɽ
(b) 1 ≤ k ≤ n ͷͱ͖ɼ೚ҙͷඇྵͳ v′ ∈ Rk ʹରͯ͠ʢඇྵͳʣv :=

(
v′

0

)
∈ Rn Λ͑ߟΔͱɼ(i) Α

Γ (v′)TA(k)v′ = vTAv > 0ɽ͜ΕΑΓ A(k) ͷݻ༗஋͸͢΂ͯਖ਼Ͱ͋Δɽ͞Βʹ (a) ΑΓͦͷੵͰ͋Δ

detA(k)΋ਖ਼Ͱ͋Δɽ

(c) Aͷୈ Ճ͑Δɼ͓ΑͼʹߦͷεΧϥʔഒΛଞͷߦ1 Aͷୈ 1ྻͷεΧϥʔഒΛଞͷྻʹՃ͑Δͱ͍͏ج

ຊมܗʹΑΓ Aͷୈ ͱୈߦ1 1ྻͷୈ (1, 1)੒෼Ҏ֎Λফ͢ڈΔɽ͢ͳΘͪྻߦ֯ࡾ

L =

⎛

⎜⎜⎜⎜⎜⎜⎝

1
−a2,1

a1,1
1

−a3,1

a1,1
0 1

...
...

. . .
. . .

−an,1

a1,1
0 · · · 0 1

⎞

⎟⎟⎟⎟⎟⎟⎠
, R =

⎛

⎜⎜⎜⎜⎜⎜⎝

1 −a1,2

a1,1
−a1,3

a1,1
· · · −a1,n

a1,1

1 0 · · · 0

1
. . .

...
. . . 0

1

⎞

⎟⎟⎟⎟⎟⎟⎠

Λࠨӈ͔Β A ʹֻ͚ͯ LAR =
(

a1,1 O
O A′

)
ɽ͜͜Ͱ aj,1 = a1,j ΑΓ L = RT ͕੒Γཱͪɼैͬͯ LAR =

RTAR͸ରশͳͷͰ A′ ΋ରশͰ͋Δɽ

(d) X = RTARͱ͓͘ͱ͖R͸্֯ࡾͳͷͰX(k+1) = R(k+1)TA(k+1)R(k+1)ɽಛʹ detR(k+1) = 1

ΑΓ detX(k + 1) = detA(k + 1)ɽҰํ X =
(

a1,1 O
O A′

)
Ͱ΋͋ΔͷͰ X(k + 1) =

(
a1,1 O
O A′(k)

)
ΑΓ

detX(k + 1) = a1,1 detA′(k)ɽҎ্ΑΓ detA(k + 1) = detX(k + 1) = a1,1 detA′(k)ɽ

(e) n = 1, 2, 3, . . . ʹؔ͢Δؼೲ๏Ͱࣔ͢ɽ·ͣ n = 1 ͷͱ͖ (ii) ΛԾఆ͢ΔɿdetA(1) = a1,1 > 0ɽ͜ͷ

ͱ͖೚ҙͷඇྵͳ v = (v1) ∈ R1 ʹରͯ͠ɼv1 ̸= 0 ΑΓ vTAv = a1,1v21 > 0ɽ࣍ʹ n ≥ 2 ͷͱ͖ (ii) ΛԾ

ఆ͢ΔɿdetA(k) > 0ʢk = 1, . . . , nʣɽ͜ͷͱ͖ a1,1 = A(1) ̸= 0ΑΓ (c)–(d)ͷΑ͏ͳ্ྻߦ֯ࡾ R ͱର

শྻߦ A′ ∈ R(n−1)×(n−1) ͕ଘ͢ࡏΔɽಛʹ detR = 1 ̸= 0 ΑΓ R ͸ਖ਼ଇɽͦ͜Ͱ೚ҙͷඇྵͳ v ∈ Rn

ʹରͯ͠ u = R−1v ͱ͓͘ͱ vTAv = (R−1v)T(RTAR)(R−1v) = uT
(

a1,1 O
O A′

)
u = a1,1u2

1 + (u′)TA′u′ɽ

ͨͩ͠ u =
( u1

u′
)
ʢu′ ∈ Rn−1ʣɽ͜͜ͰԾఆ (ii) ͱ (d) ΑΓ detA′(k) = detA(k+1)

a1,1
= detA(k+1)

detA(1) > 0

ʢk = 1, . . . , n − 1ʣ͢ͳΘͪ A′ ͷट࠲খࣜྻߦ͸͢΂ͯਖ਼Ͱ͋Δɽैͬͯؼೲ๏ͷԾఆΑΓ u′ ͕ඇྵ

ͳΒ͹ (u′)TA′u′ > 0ɽࠓ v ͸ඇྵͳͷͰ u = R−1v ͸ඇྵɽಛʹ u1 ͱ u′ ͸ಉ࣌ʹྵʹͳΒͳ͍ͷͰ

a1,1 = A(1) > 0ΑΓ vTAv = a1,1u2
1 + (u′)TA′u′ > 0͕੒Γཱͭɽ


