
5 ςΠϥʔల։ʢ2019-10-24ʣ

 1 ͷؔ࣍ f ͷ 1֊ɼ2֊ɼ3֊ภಋؔΛͯ͢ٻΊΑɽ

(a) f(x, y) = (x2 + y2) exp(x2 + y2) (b) f(x, y) = log(x− y)

(c) f(x, y, z) = 1 + x+ y + z + xy + xz + yz + xyz

 2 ؔ f(x, y) = sin(x+ 2y)Λ͑ߟΔɽ

(a) ∂i+jf
∂xi∂yjʢi, j = 0, 1, 2, . . .ʣΛٻΊΑɽ

(b) ʢଟมؔʹର͢ΔʣςΠϥʔͷެࣜΛ༻͍ͯ f ͷݪ (0, 0)ͰͷςΠϥʔల։ΛٻΊΑɽ

(c) ಉ͘͡ f ͷ (π2 , 0)ͰͷςΠϥʔల։ΛٻΊΑɽ

 3 ؔͷϚΫϩʔϦϯల։ࢦ exp(x) =
∑∞

n=0
xn

n!ʢx ∈ RʣΛ༻͍ͯɼؔ f(x, y, z) = exp(αx +

βy + γz)ͷݪ (0, 0, 0)ͰͷςΠϥʔల։Λ f(x, y, z) =
∑∞
ℓ=0

∑
i+j+k=ℓ ci,j,kx

iyjzk ͷܗͰٻΊΑɽͨͩ

͠ӈลୈ 2ͷ ℓͷղ (i, j, k)ͷͯ͢ʹΘͨΔͰ͋Δɽ

 4 n߲
( k
i1,...,in

)
= k!

i1!···in!ʢk = i1 + · · ·+ in ≥ 0ɼi1, . . . , in ≥ 0ʣؔࣜ

(
k

i1, . . . , in

)
=

n∑

j=1

(
k − 1

i1, . . . , ij − 1, . . . , in

)

ʢk = i1 + · · · + in ≥ 1ɼi1, . . . , in ≥ 0ʣΛຬͨ͢͜ͱΛࣔͤɽͨͩ͠ i1, . . . , in ͷͲΕ͔ 1ͭͰෛͷͱ͖
( k−1
i1,...,in

)
= 0Ͱ͋Δɽ

 5 ͜ͷͰ Rn ͷΛྻϕΫτϧͰද͢ɽؔ f(x)ʢx = (x1, . . . , xn)Tʣɼ૬ҟͳΔ 2 

a = (a1, . . . , an)Tɼx = (x1, . . . , xn)T Λͱ͢Δઢ I = {(1 − t)a + tx; 0 ≤ t ≤ 1}ΛؚΉྖҬ্ C2

ͱ͢Δɽڃ

(a) ҙͷ b = (b1, . . . , bn)T ͓Αͼ c ∈ I ʹରͯ͠

∑

i1+···+in=2

1

i1! · · · in!
∂2f

∂xi1
1 · · · ∂xin

n
(c)bi11 · · · binn =

1

2
bTH(c)b

͕Γཱͭ͜ͱΛࣔͤɽͨͩ͠ࠨล 2ͷղ (i1, . . . , in)ͷͯ͢ʹΘͨΔͰ͋ΓɼӈลͷH ࣍Ͱఆٛ

͞ΕΔྻߦͰ͋Δɿ

H(x) :=

(
∂2f

∂xi∂xj
(x)

)

i,j=1,...,n

=

⎛

⎜⎜⎜⎝

fx1x1(x) fx1x2(x) · · · fx1xn(x)
fx2x1(x) fx2x2(x) · · · fx2xn(x)

...
...

...
fxnx1(x) fxnx2(x) · · · fxnxn(x)

⎞

⎟⎟⎟⎠
.

(b)  ξ ∈ I \ {a,x}͕ଘͯ͠ࡏ

f(x) = f(a) +G(a)T(x− a) +
1

2
(x− a)TH(ξ)(x− a)

͕Γཱͭ͜ͱΛςΠϥʔͷެࣜΛ༻͍ͯࣔͤɽͨͩ͠ G(x) = (fx1(x), . . . , fxn(x))
T Ͱ͋Δɽ



ղྫʢୈ 5ճʣ

 1 (a) 1 ֊ɿfx = (2x + 2x3 + 2xy2) exp(x2 + y2)ɼfy = (2y + 2y3 + 2x2y) exp(x2 + y2)ɽ2 ֊ɿ

fxx = (2 + 10x2 + 2y2 + 4x4 + 4x2y2) exp(x2 + y2)ɼfxy = (8xy + 4x3y + 4xy3) exp(x2 + y2)ɼfyy =

(2+2x2+10y2+4x2y2+4y4) exp(x2+y2)ɽ3֊ɿfxxx = (24x+36x3+12xy2+8x5+8x3y2) exp(x2+y2)ɼ

fxxy = (8y+28x2y+4y3+8x4y+8x2y3) exp(x2+y2)ɼfxyy = (8x+4x3+28xy2+8x3y2+8xy4) exp(x2+y2)ɼ

fyyy = (24y + 12x2y + 36y3 + 8x2y3 + 8y5) exp(x2 + y2)ɽ

(b) 1֊ɿfx = 1
x−yɼfy = − 1

x−yɽ2֊ɿfxx = fyy = − 1
(x−y)2ɼfxy = 1

(x−y)2ɽ3֊ɿfxxx = fxyy = 2
(x−y)3ɼ

fxxy = fyyy = − 2
(x−y)3ɽ

(c) 1֊ɿfx = 1+y+z+yzɼfy = 1+x+z+xzɼfz = 1+x+y+xyɽ2֊ɿfxx = fyy = fzz = 0ɼfxy = 1+zɼ

fxz = 1 + yɼfyz = 1 + xɽ3 ֊ɿfxxx = fyyy = fzzz = fxxy = fxyy = fxxz = fxzz = fyyz = fyzz = 0ɼ

fxyz = 1ɽ

 2 (a) ∂i+jf
∂xi∂yj = 2j sin(x+ 2y + (i+j)π

2 )ɽ

(b) f  R2 ্ C∞ ͳͷͰɼςΠϥʔͷެࣜΑΓɼҙͷڃ (x, y) ∈ R2ʢ(x, y) ̸= (0, 0)ʣ͓Α

ͼ N ʹରͯ͠ɼݪ (0, 0) ͱ (x, y) Λͱ͢Δઢ্ʹ (ξN , ηN ) ̸= (0, 0), (x, y) ͕ଘࡏ

ͯ͠ f(x, y) =
∑N

k=0

∑
i+j=k

1
i!j!

∂kf
∂xi∂yj (0, 0)xiyj + RN =

∑N
k=0 sin

kπ
2

∑
i+j=k

2jxiyj

i!j! + RN ͔ͭ

RN =
∑

i+j=N+1
1

i!j!
∂N+1f
∂xi∂yj (ξN , ηN )xiyj = sin(ξN + 2ηN + (N+1)π

2 )
∑

i+j=N+1
2jxiyj

i!j! ɽ༨߲ʹؔ

ͯ͠ RN = sin(. . . ) (x+2y)N+1

(N+1)! ΑΓ |RN | ≤ |x+2y|N+1

(N+1)!
N→∞−−−−→ 0 ͢ͳΘͪ limN→∞ RN = 0ɽैͬͯ

f(x, y) =
∑∞

k=0 sin
kπ
2

∑
i+j=k

2jxiyj

i!j! =
∑∞

k=0(−1)k
∑

i+j=2k+1
2jxiyj

i!j! (=
∑∞

k=0
(−1)k(x+2y)2k+1

(2k+1)! )ɽ͜Ε͕

f ͷݪ (0, 0)ͰͷςΠϥʔల։Ͱ͋Δɽ

(c) ಉ༷ʹςΠϥʔͷެࣜΑΓɼҙͷ (x, y) ∈ R2ʢ(x, y) ̸= (π2 , 0)ʣ͓Αͼ N ʹରͯ͠ɼ

 (π2 , 0) ͱ (x, y) Λͱ͢Δઢ্ʹ (ξN , ηN ) ̸= (π2 , 0), (x, y) ͕ଘͯ͠ࡏ f(x, y) =
∑N

k=0

∑
i+j=k

1
i!j!

∂kf
∂xi∂yj (

π
2 , 0)(x − π

2 )
iyj + RN =

∑N
k=0 sin

(k+1)π
2

∑
i+j=k

2j(x−π
2 )iyj

i!j! + RN ͔ͭ

RN =
∑

i+j=N+1
1

i!j!
∂N+1f
∂xi∂yj (ξN , ηN )(x − π

2 )
iyj = sin(ξN + 2ηN + (N+1)π

2 )
∑

i+j=N+1
2j(x−π

2 )iyj

i!j! ɽ

༨߲ʹؔͯ͠ಉ༷ʹͯ͠ |RN | ≤ |x+2y−π
2 |N+1

(N+1)!
N→∞−−−−→ 0 ͢ͳΘͪ limN→∞ RN = 0ɽैͬͯ f(x, y) =

∑∞
k=0 sin

(k+1)π
2

∑
i+j=k

2j(x−π
2 )iyj

i!j! =
∑∞

k=0(−1)k
∑

i+j=2k
2j(x−π

2 )iyj

i!j! (=
∑∞

k=0
(−1)k(x−π

2 +2y)2k

(2k)! )ɽ͜Ε

͕ f ͷ (π2 , 0)ͰͷςΠϥʔల։Ͱ͋Δɽ

 3 ؔͷϚΫϩʔϦϯల։ΑΓҙͷࢦ (x, y, z) ∈ R3 ʹରͯ͠ f(x, y, z) =
∑∞
ℓ=0

(αx+βy+γz)ℓ

ℓ! ɽ͜

͜Ͱ (αx+ βy + γz)ℓ =
∑

i+j+k=ℓ
ℓ!

i!j!k!α
iβjγkxiyjzk ͳͷͰ f(x, y, z) =

∑∞
ℓ=0

∑
i+j+k=ℓ

αiβjγk

i!j!k! xiyjzkɽ

 4
∑n

j=1

( k−1
i1,...,ij−1,...,in

)
=
∑

1≤j≤n
ij ̸=0

(k−1)!
i1!···(ij−1)!···in! = (k−1)!

i1!···in!
∑

1≤j≤n
ij ̸=0

ij = (k−1)!
i1!···in! (i1 + · · · + in) =

(k−1)!
i1!···in! · k = k!

i1!···in! =
( k
i1,...,in

)
ɽ

 5 (a) 2 ͷղ (i1, . . . , in) ࣍ͷ 2 छྨʹྨͰ͖Δɿ(i) ͋Δ j ʹରͯ͠ ij = 2 ͔ͭ iℓ = 0

ʢℓ ̸= jʣɽ(ii) ͋Δ j < k ʹରͯ͠ ij = ik = 1 ͔ͭ iℓ = 0ʢℓ ̸= j, kʣɽैͬͯࠨล࣍ͷΑ͏

ʹදͤΔɿ 1
2

∑n
j=1 fxjxj (c)b

2
j +

∑
1≤j<k≤n fxjxk(c)bjbkɽҰํɼӈลͷྻߦɾϕΫτϧੵ࣍ʹ͍͠ɿ

1
2

∑n
j=1

∑n
k=1 fxjxj (c)bjbk = 1

2

∑n
j=1 fxjxj (c)b

2
j +

1
2

∑
1≤j<k≤n{fxjxk(c) + fxkxj (c)}bjbkɽ͜͜Ͱ f 



cͷۙͰ C2 ͳͷͰڃ fxjxk(c) = fxkxj (c)͕Γཱ͔ͭΒޙ࠷ͷୈ 2ͷ
∑

1≤j<k≤n fxjxk(c)bjbk ʹ

͍͠ɽҎ্ΑΓ྆ล૬͍͜͠ͱ͕ࣔ͞Εͨɽ

(b) f  a,xΛͱ͢Δઢ I ΛؚΉྖҬ্ C2ڃͳͷͰɼςΠϥʔͷެࣜΑΓ ξ ∈ I \{a,x}͕ଘ͠ࡏ
ͯ f(x) = f(a) +

∑
i1+···+in=1

∂f

∂xin
1 ···∂xin

n
(a)(x1 − a1)i1 · · · (xn − an)in +

∑
i1+···+in=2

∂2f

∂xin
1 ···∂xin

n
(ξ)(x1 −

a1)i1 · · · (xn − an)inɽ1ͷղ (i1, . . . , in)࣍ͷܗΛ͍ͯ͠Δɿ͋Δ j ʹରͯ͠ ij = 1͔ͭ iℓ = 0ʢℓ ̸= jʣɽ

ैͬͯӈลୈ 1ͷ࣍ͷΑ͏ʹදͤΔɿ
∑n

j=1 fxj (a)(xj − aj) = G(a)T(x− a)ɽ·ͨӈลୈ 2ͷ (a)

ΑΓ (x− a)TH(ξ)(x− a)ʹ͍͠ɽΏ͑ʹ f(x) = f(a) +G(a)T(x− a) + (x− a)TH(ξ)(x− a) ͕Γ

ཱͭɽ


