
13 ʢ2019-07-18ʣੵٛ

 1 ΊΑɽٻΛੵٛͷ࣍

(a)

∫ ∞

0
eαx dx (b)

∫ 1

0
log x dx (c)

∫ ∞

−∞

dx

1 + x2

(d)

∫ b

a

dx√
(x− a)(b− x)

(a < b)

 2 ڃ

H(α) =
∞∑

k=1

1

kα
(α > 0)

ʹؔͯ͠ʢٛʣੵΛ༻͍ͯ࣍ͷ͍ʹ͑Αɽ

(a) 0 < α ≤ 1ͷͱ͖ڃ H(α)∞ʹൃ͢ࢄΔ͜ͱΛࣔͤɽ
(b) α > 1ͷͱ͖ڃ H(α) α

α−1 ҎԼͷʹऩଋ͢Δ͜ͱΛࣔͤɽ

 3 ҙͷ t > 0ʹରͯؔ͠ ft(x) = xt−1e−xʢx > 0ʣΛ͑ߟΔɽ

(a) 0 < t < 1ͷͱ͖ ft ۠ؒ (0, ՄͰ͋Δ͜ͱΛূ໌͢ΔɽҎԼͷʢˎʣΛຒΊͯূ໌Λੵ্ٛ[1

ͤ͞Αɽ

Proof. 0 < t < 1 ͱ͢Δɽft  (0, 1] ্࿈ଓͳͷͰͦ͜ͰಛҟΛͨ࣋ͳ͍ɽ͔͠͠ 0 < x ≤ 1 ͷͱ͖

ft(x) ≥ʢΞʣΑΓ limx→0+0 ft(x) = ∞ͱͳΔͷͰݪ x = 0 ft ͷಛҟͰ͋Δɽैͬͯ ft ͕ (0, ্[1

ٛੵՄͰ͋Δ͜ͱΛࣔ͢ʹੵ I(a) :=
∫ 1
a ft(x) dxʹؔͯ͠ݶۃ lima→0+0 I(a)͕ଘ͢ࡏΔ͜ͱΛࣔ

ͤΑ͍ɽft  (0, 1]্ʢΠʣͳͷͰɼ͜ͷݶۃଘ͢ࡏΔ͔∞ʹൃ͢ࢄΔ͔ͷ͍ͣΕ͔Ͱ͋Δ͜ͱʹҙ͢
Δɽ0 < x ≤ 1ͷͱ͖ e−x ≤ʢʣΑΓ ft(x) ≤ʢΤʣͳͷͰ 0 < a ≤ 1ͷͱ͖ I(a) ≤

∫ 1
aʢΤʣdx =ʢΦʣ≤ 1

t

͕Γཱͭɽಛʹ 0 < a ≤ 1ͷൣғͰ I(a)͕ͱΓಘΔ্ʹ༗քͳͷͰ lima→0+0 I(a)∞ʹൃ͠ࢄͳ
͍ɽ

(b) t > 0ͷͱ͖ ft ۠ؒ ͞ՄͰ͋Δ͜ͱΛূ໌͢ΔɽҎԼͷʢˎʣΛຒΊͯূ໌Λੵ্ٛ(∞,1]

ͤΑɽ

Proof. t > 0 ͱ͢Δɽft  [1,∞) ্࿈ଓͳͷͰͦ͜ͰಛҟΛͨ࣋ͳ͍ɽैͬͯ ft ͕ [1,∞) ੵ্ٛ

ՄͰ͋Δ͜ͱΛࣔ͢ʹੵ J(b) :=
∫ b
1 ft(x) dx ݶۃͯؔ͠ʹ limb→∞ J(b) ͕ଘ͢ࡏΔ͜ͱΛࣔͤΑ

͍ɽft  [1,∞) ্ʢΞʣͳͷͰɼ͜ͷݶۃଘ͢ࡏΔ͔ ∞ Δ͔ͷ͍ͣΕ͔Ͱ͋Δ͜ͱʹҙ͢͢ࢄൃʹ

Δɽn Λ t Ҏ্ͷҙͷͱ͢Δɽx ≥ 1 ͷͱ͖ xt−1 ≤ʢΠʣΑΓ ft(x) ≤ʢʣͳͷͰ b ≥ 1 ͷͱ͖

J(b) ≤
∫ b
1ʢʣdx =ʢΤʣ≤ (n−1)!

e

∑n−1
k=0

1
k! ͕Γཱͭɽಛʹ b ≥ 1ͷൣғͰ J(b)͕ͱΓಘΔ্ʹ༗ք

ͳͷͰ limb→∞ J(b)∞ʹൃ͠ࢄͳ͍ɽ

Ҏ্ΑΓҙͷ t > 0ʹରͯ͠ ft ۠ؒ ՄͰੵ্ٛ(∞,0)

Γ(t) :=

∫ ∞

0
ft(x) dx =

∫ ∞

0
xt−1e−x dx



͕ఆ·Δɽ

(c) ҙͷ t > 0ʹରͯ͠ Γ(t+ 1) = tΓ(t)͕Γཱͭ͜ͱΛࣔͤɽ

(d) ҙͷ n ≥ 0ʹରͯ͠ Γ(n+ 1) = n!͕Γཱͭ͜ͱΛࣔͤɽ

 4 ༗ք۠ؒ I = [a, b)্ͷؔ f ࣍Λຬͨ͢ͱ͢Δɿ

(i) f  I ্࿈ଓɽ

(ii) ҙͷ x ∈ [a, b)ʹରͯ͠ f(x) < αɽ

͜ͷͱ͖ҙͷ I ্ͷྻ {xn}ʹରͯ͠ limn→∞ f(xn) = αͳΒ limn→∞ xn = b͕Γཱͭ͜ͱΛূ໌

͢Δɽ࣍ͷʢˎʣΛຒΊͯূ໌Λͤ͞Αɽ

Proof. I ্ͷྻ {xn} limn→∞ xn = bΛຬͨ͞ͳ͍ͱ͢Δɽ͜ͷͱ͖͋Δ c ∈ [a, b)ʹର͕ͯ࣍͠

Γཱͭɿҙͷ N ʹରͯ͠ʢΞʣΛຬͨ͢ n ≥ N ͕ଘ͢ࡏΔɽಛʹʢΞʣΛຬͨ͢ nແʹଘ͢ࡏΔͷͰ

{xn}ͷ෦ྻ {xkn}ʢk1 < k2 < k3 < · · ·ʣͰʢΠʣΛຬͨ͢ͷ͕ଘ͢ࡏΔɽ(i)ΑΓ f  [a, c]্࿈ଓͳ

ͷͰʢʣͷఆཧΑΓ࣍Λຬͨ͢ d ∈ [a, c]͕ଘ͢ࡏΔɿҙͷ x ∈ [a, c]ʹରͯ͠ f(x) ≤ f(d)ɽಛʹҙ

ͷ nʹରͯ͠ f(xkn) ≤ʢΤʣ͕ ΓཱͭͷͰྻ {f(xkn)}ʢΤʣΑΓେ͖͍ʹऩଋͨ͠Γ∞ʹൃ͠ࢄ
ͨΓ͠ͳ͍ɽಛʹ (ii)ΑΓʢΤʣ<ʢΦʣ͕ ΓཱͭͷͰྻ {f(xkn)} limn→∞ f(xkn) =ʢΦʣΛຬͨ͞ͳ

͍ɽΏ͑ʹʢΧʣΛ෦ྻͱؚͯ͠Ήྻ {f(xn)} limn→∞ f(xn) =ʢΦʣΛຬͨ͞ͳ͍ɽ
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 1 (a) ҙͷ b ≥ 0 ʹରͯ͠ α = 0 ͷͱ͖
∫ b
0 dx = b

b→∞−−−→ ∞ɽα > 0 ͷͱ͖
∫ b
0 eαx dx = [ e

αx

α ]b0 =
eαb−1
α

b→∞−−−→ ∞ɽα < 0 ͷͱ͖ಉ༷ʹͯ͠
∫ b
0 eαx dx = eαb−1

α
b→∞−−−→ − 1

αɽҎ্ΑΓੵٛ
∫∞
0 eαx dx 

α ≥ 0ͷͱ͖∞ʹൃ͠ࢄ α < 0ͷͱ͖ − 1
α ʹऩଋ͢Δɽ

(b) ҙͷ 0 < a < 1ʹରͯ͠
∫ 1
a log x dx = [x log x− x]1a = (a− 1− a log a)

a→0+0−−−−−→ −1ɽʢa log a = log a
a−1

ͷͱࢠ a → 0 + 0ͷݶۃͰͦΕͧΕ −∞ͱ∞ʹൃ͢ࢄΔɽͦ͜ͰͱࢠΛͦΕͧΕඍ͢Δ
ͱ a−1

−a−2 = −a
a→0+0−−−−−→ 0ɽैͬͯϩϐλϧͷ๏ଇΑΓ lima→0+0 a log a = 0ɽʣैͬͯ

∫ 1
0 log x dx = −1ɽ

(c) x = tan tʢ−π
2 < t < π

2ʣͱ͓͘ͱ
∫∞
−∞

dx
1+x2 =

∫ π
2

−π
2

1
1+x2

dx
dt dt =

∫ π
2

−π
2
dt = πɽ

(d) x = a(1−t)+b(1+t)
2 ͱ͓͘ͱ

∫ b
a

dx√
(x−a)(b−x)

=
∫ 1
−1

1√
(x−a)(b−x)

dx
dt dt =

∫ 1
−1

dt√
1−t2

=: Iɽ͜͜Ͱ t =

sin θ ͱ͓͘ͱ I =
∫ π

2

−π
2

1√
1−t2

dt
dθ dθ =

∫ π
2

−π
2
dθ = πɽ

 2 (a) ڃ H(α)ͷ࠷ॳͷ n߲ʹΑΔ෦ sn =
∑n

k=1
1
kα ֊ஈؔ ϕ(x) = 1

⌊x⌋
α
ʢx ≥ 1ʣͷੵ

∫ n+1
1 ϕ(x) dxʹ͍͠ɽੵ۠ؒ [1, n+ 1]্ ϕ(x) ≥ 1

xα ͳͷͰ sn =
∫ n+1
1 ϕ(x) dx ≥

∫ n+1
1

dx
xα =: Jnɽ࠷

ͯؔ͠ʹͷੵޙ 0 < α < 1ͷͱ͖ Jn = (n+1)1−α−1
1−α

n→∞−−−−→ ∞ɽα = 1ͷͱ͖ Jn = log(n+ 1)
n→∞−−−−→ ∞ɽ

͍ͣΕʹ͠Ζ limn→∞ Jn = ∞ͳͷͰ H(α) = limn→∞ sn = ∞ɽ
(b) ڃ H(α) ͷॳ߲Λআ͍ͨ࠷ॳͷ n ߲ʹΑΔ෦ tn =

∑n
k=2

1
kα ֊ஈؔ ψ(x) = 1

⌈x⌉αʢx > 0ʣ

ͷੵ
∫ n
1 ψ(x) dx ʹ͍͠ɽੵ۠ؒ [1, n] ্ ψ(x) ≤ 1

xα ͳͷͰ tn =
∫ n
1 ψ(x) dx ≤

∫ n
1

dx
xαɽؔ

y = 1
xα  x ≥ 1 ͰඇෛͳͷͰ

∫ n
1

dx
xα ≤

∫∞
1

dx
xαɽޙ࠷ͷੵٛ

∫ b
1

dx
xα = 1−b−(α−1)

α−1
b→∞−−−→ 1

α−1 Α

Γ 1
α−1ɽҎ্ΑΓ tn ≤ 1

α−1 ͳͷͰ୯ௐ૿Ճྻ {tn} ্քͰ͋Δ 1
α−1 ҎԼͷʹऩଋ͢ΔɽΏ͑ʹ

H(α) = 1 +
∑∞

k=2
1
kα = 1 + limn→∞ tn  1 + 1

α−1 = α
α−1 ҎԼͷʹऩଋ͢Δɽ

 3 (a) ʢΞʣxt−1

e ʢΠʣਖ਼ʢʣ1 ʢΤʣxt−1 ʢΦʣ 1−at

t

(b) ʢΞʣਖ਼ʢΠʣxn−1 ʢʣxn−1e−x ʢΤʣ (n−1)!
e

∑n−1
k=0

1−bke1−b

k!

(c) t > 0 ͷͱ͖෦ੵʹΑΓ Γ(t + 1) =
∫∞
0 xte−x dx = lima→0+0 ate−a − limb→∞ bte−b +

t
∫∞
0 xt−1e−x dx = 0− 0 + tΓ(t) = tΓ(t)ɽ

(d) ·ͣ n = 0ͷͱ͖ Γ(1) =
∫∞
0 e−x dx = lima→0+0 e−a − limb→∞ e−b = 1 − 0 = 1ɽ࣍ʹ n ≥ 1ͷͱ͖

(c)ΑΓ Γ(n+ 1) = n!Γ(1) = n!ɽ

 4 ʢΞʣxn ≤ c ʢΠʣxkn ≤ c ʢʣWeierstrass ʢΤʣf(d) ʢΦʣα ʢΧʣ{f(xkn)}


