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 1 .ΊΑٻͷੵΛ࣍

(a)

∫ 1

0
(ax3 + bx2 + cx+ d) dx (b)

∫ b

a
eαx dx (c)

∫ a

−a

dx

1− x2
(0 ≤ a < 1)

(d)

∫ b

a
log x dx (a, b > 0)

 2 ΊΑɽٻͷੵΛ࣍

(a)

∫ π2

0
sin

√
x dx (b)

∫ 1

−1

dx

1 + x2
(c)

∫ 1
2

0

√
1− x2 dx (d)

∫ 2π

0
ex cosx dx

 3 a > 0͓Αͼ p > 1ͱ͢ΔɽR2 ͷୈ 1ݶʹ͓͍ͯઢ L : y = axͱۂઢ C : y = xp Λ͑ߟΔɽ

(a) Lͱ CͷަΛٻΊΑɽ

(b) Lͱ Cͷ֓ܗΛਤࣔͤΑɽ

(c) Lͱ CʹΑΓғ·ΕΔ༗քྖҬͷ໘ੵΛٻΊΑɽ

 4 Δɿ͑ߟͷੵΛ࣍

In =

∫ π
2

0
sinn x dx, n = 0, 1, 2, . . . .

(a) In =
∫ π

2

0 cosn x dx͕Γཱͭ͜ͱΛࣔͤɽ

(b) n ≥ 2ͷͱ͖ In = n−1
n In−2 ͕Γཱͭ͜ͱΛࣔͤɽ

(c) In ΛٻΊΑɽ

ҎԼͰؔ f, g ۠ؒ [a, b]্༗քͱ͢Δɽલճͷԋशʹ͋Δ P (∆)ɼQ(∆)ͷఆٛʹ͓͍ͯؔ f

Λҙͷؔ ϕ ʹସ͑ͨͷΛͦΕͧΕ P (ϕ;∆)ɼQ(ϕ;∆) ͱද͢ɽ·ͨ [a, b] Λ n ͢ΔׂΛ ∆n ͱ

͓͘ɽ

 5 ؔ f, g ۠ؒ [a, b]্ੵՄͱ͢Δɽͨͩ͠ a < bɽ͜ͷͱ͖ؔ fg  [a, b]্ੵՄͰ͋Δ

͜ͱΛূ໌͢Δɽ࣍ͷʢˎʣΛຒΊͯূ໌Λͤ͞Αɽ

Proof. f, g  [a, b] ্༗քͳͷͰ্ݶ C(f) := supx∈[a,b] |f(x)| ͓Αͼ C(g) := supx∈[a,b] |g(x)| ͦΕ
ͧΕඇෛͷఆͰ͋Δɽҙͷ x, y ∈ [a, b] ʹରͯ͠ |f(x)g(x) − f(y)g(y)| ≤ C(g)ʢΞʣ+ C(f)ʢΠʣ

͕Γཱͭɽ·ͨҙͷ෦۠ؒ I ⊂ [a, b] ʹରͯ͠ supx∈I f(x) − infx∈I f(x) = supx,y∈IʢΞʣ͓Αͼ

supx∈I g(x)− infx∈I g(x) = supx,y∈IʢΠʣ͕ ΓཱͭɽҎ্ΑΓෆࣜ

0 ≤ Q(fg;∆n)− P (fg;∆n) ≤ C(g)ʢʣ+ C(f)ʢΤʣ (*)

ΛಘΔɽ

ࠓ d(∆n) =ʢΦʣΑΓ limn→∞ d(∆n) = 0Ͱ͋ΔɽैͬͯDarbouxͷఆཧΑΓ limn→∞ʢʣ=ʢΧʣ−ʢΩʣ
͓Αͼ limn→∞ʢΤʣ=ʢΫʣ−ʢέʣ͕ Γཱͭɽ͞Βʹ f  [a, b]্ੵՄͳͷͰʢΧʣ=ʢΩʣͰ͋Δɽಉ



༷ʹ g  [a, b]্ੵՄͳͷͰʢΫʣ=ʢέʣͰ͋Δɽ͜ΕΑΓෆࣜ (*)ͷӈล n → ∞ͷݶۃͰʢίʣ
ʹऩଋ͢ΔɽҰํ DarbouxͷఆཧΑΓෆࣜ (*)ͷதล n → ∞ͷݶۃͰʢαʣʹ ऩଋ͢ΔɽΏ͑ʹ͞Έ

͏ͪͷݪཧΑΓʢαʣ=ʢίʣ͕ ΓཱͭͷͰ fg  [a, b]্ੵՄͰ͋Δɽ

 6 ؔ f ۠ؒ [a, b]্ੵՄͱ͢Δɽͨͩ͠ a < bɽ·ͨ f  [a, b]্ඇྵͱ͢Δɽ͜ͷͱ͖ؔ
1
f  [a, b]্ੵՄͰ͋Δ͜ͱΛূ໌͢Δɽ࣍ͷʢˎʣΛຒΊͯূ໌Λͤ͞Αɽ

Proof. f  [a, b] ্ඇྵͳͷͰԼݶ C = infx∈[a,b] |f(x)| ਖ਼ͷఆͰ͋Δɽҙͷ x, y ∈ [a, b] ʹର͠

ͯ | 1
f(x) −

1
f(y) | ≤

ʢΞʣ
C2 ͕Γཱͭɽ·ͨҙͷ෦۠ؒ I ⊂ [a, b] ʹରͯ͠ supx∈I f(x) − infx∈I f(x) =

supx,y∈IʢΞʣ͕ ΓཱͭɽҎ্ΑΓෆࣜ

0 ≤ Q

(
1

f
;∆n

)
− P

(
1

f
;∆n

)
≤ʢΠʣ

C2
(**)

ΛಘΔɽࠓ d(∆n) =ʢʣΑΓ limn→∞ d(∆n) = 0 Ͱ͋Δɽैͬͯ Darboux ͷఆཧΑΓ limn→∞ʢΠʣ=

ʢΤʣ−ʢΦʣ͕ Γཱͭɽ͞Βʹ f  [a, b] ্ੵՄͳͷͰʢΤʣ=ʢΦʣͰ͋Δɽ͜ΕΑΓෆࣜ (**) ͷ

ӈล n → ∞ ͷݶۃͰʢΧʣʹऩଋ͢ΔɽҰํ Darboux ͷఆཧΑΓෆࣜ (**) ͷதล n → ∞ ͷݶۃ
ͰʢΩʣʹ ऩଋ͢ΔɽΏ͑ʹ͞Έ͏ͪͷݪཧΑΓʢΩʣ=ʢΧʣ͕ ΓཱͭͷͰ 1

f  [a, b] ্ੵՄͰ͋

Δɽ

 7 ؔ f ۠ؒ [a, b] ্࿈ଓͱ͢Δɽͨͩ͠ a < bɽ[a, b] ্ͷؔ g(x) := maxt∈[a,x] f(t) 

limx→a+0 g(x) = f(a)Λຬͨ͢͜ͱΛࣔͤɽ
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 1 (a)
∫ 1
0 (ax

3 + bx2 + cx+ d) dx = [a4x
4 + b

3x
3 + c

2x
2 + dx]10 = a

4 + b
3 + c

2 + dɽ

(b) α = 0ͷͱ͖
∫ b
a dx = b− aɽα ̸= 0ͷͱ͖

∫ b
a eαx dx = [ e

αx

α ]ba = eαb−eαa

α ɽ

(c)
∫ a
−a

dx
1−x2 = 2

∫ a
0

dx
1−x2 =

∫ a
0 (

1
1−x + 1

1+x ) dx = [− log(1− x) + log(1 + x)]a0 = log 1+a
1−aɽ

(d)
∫ b
a log x dx = [x log x− x]ba = b log b− a log a− b+ a.

 2 (a) x = t2 ͱ͓͘ͱ
∫ π
0 sin

√
x dx

dt dt = 2
∫ π
0 t sin t dtɽ͜͜Ͱ෦ੵΛ༻͍ͯ

∫ π
0 t sin t dt =

[−t cos t]π0 +
∫ π
0 cos t dt = π + [sin t]π0 = πɽैͬͯٻΊΔੵ 2πɽ

(b) x = tan tʢ−π
2 < t < π

2ʣͱ͓͘ͱ
∫ π

4

−π
4

1
1+x2

dx
dt dt =

∫ π
4

−π
4

1
1+tan2 t

1
cos2 t dt =

∫ π
4

−π
4
dt = π

2ɽ

(c) x = sin t ͱ͓͘ͱ
∫ π

6

0

√
1− x2 dx

dt dt =
∫ π

6

0 cos t
√
1− sin2 t dt =

∫ π
6

0 cos t| cos t| dtɽ͜͜Ͱੵ۠ؒ
0 ≤ t ≤ π

6 Ͱ cos t ≥ 0ͳͷͰٻΊΔੵ
∫ π

6

0 cos2 t dt =
∫ π

6

0
cos 2t+1

2 dt = [ sin 2t
4 + t

2 ]
π
6
0 =

√
3
8 + π

12ɽ

(d) ΊΔੵΛٻ I ͱ͓͘ɽ෦ੵΛ༻͍ͯ I = [ex sinx]2π0 −
∫ 2π
0 ex sinx dx = −[−ex cosx]2π0 −

∫ 2π
0 ex cosx dx = e2π − 1− Iɽ͜ΕΑΓ I = e2π−1

2 ɽ

 3 (a) ୈ 1ݶʹ͓͚Δઢ Lͱۂઢ Cͷަͷ x࠲ඪํఔࣜ ax = xp ͷඇෛղ x = 0, a
1

p−1ɽैͬ

ݪΊΔަٻͯ (0, 0)ͱ (a
1

p−1 , a
p

p−1 )ͷ 2ɽ

(b) ུɽ

(c) ΊΔ໘ੵٻ S ۠ؒ 0 ≤ x ≤ a
1

p−1 ʹ͓͍ͯઢ Lͱ x࣠ͷ͞Ή໘ੵ͔Βઢ Cͱ x࣠ͷ͞Ή໘ੵ

ΛҾ͍ͨͷʹ͍͠ɽैͬͯ S =
∫ a

1
p−1

0 ax dx−
∫ a

1
p−1

0 xp dx =
∫ a

1
p−1

0 (ax−xp) dx = [ax
2

2 − xp+1

p+1 ]
a

1
p−1

0 =
1
2 · p−1

p+1 · a
p+1
p−1ɽ

 4 (a) x = π
2 − tͱ͓͘ͱ In =

∫ 0
π
2
sinn x dx

dt dt = −
∫ π

2

0 sinn(π2 − t) (−1) dt =
∫ π

2

0 cosn t dtɽ

(b) n ≥ 2ͷͱ͖෦ੵΛ༻͍ͯ In =
∫ π

2

0 sinx · sinn−1 x dx = [− cosx · sinn−1 x]
π
2
0 + (n− 1)

∫ π
2

0 cos2 x ·
sinn−2 x dx = (n−1)

∫ π
2

0 (1− sin2 x) sinn−2 x dx = (n−1)(
∫ π

2

0 sinn−2 x dx−
∫ π

2

0 sinn x dx = (n−1)(In−2−
In)ɽ͜ΕΑΓ In = n−1

n In−2ɽ

(c) Խࣜͷॳظ I0 =
∫ π

2

0 dx = π
2 ͓Αͼ I1 =

∫ π
2

0 sinx dx = 1ɽ͜ΕΑΓ n ͳΒۮ͕ In =
(n−1)!!

n!! I0 = (n−1)!!
n!!

π
2 Ͱ͋ΓحͳΒ In = (n−1)!!

n!! I1 = (n−1)!!
n!! ɽ

 5 ʢΞʣ|f(x)−f(y)|ʢΠʣ|g(x)−g(y)|ʢʣ{Q(f ;∆n)−P (f ;∆n)}ʢΤʣ{Q(g;∆n)−P (g;∆n)}ʢΦʣb−a
n

ʢΧʣ
∫ b
a f(x) dxʢΩʣ

∫ b
a f(x) dxʢΫʣ

∫ b
a g(x) dxʢέʣ

∫ b
a g(x) dxʢίʣ0ʢαʣ

∫ b
a f(x)g(x) dx−

∫ b
a f(x)g(x) dx

 6 ʢΞʣ|f(x)− f(y)| ʢΠʣ{Q(f ;∆n)− P (f ;∆n)} ʢʣ b−a
n ʢΤʣ

∫ b
a f(x) dx ʢΦʣ

∫ b
a f(x) dx

ʢΧʣ0 ʢΩʣ
∫ b
a

1
f(x) dx−

∫ b
a

1
f(x) dx

 7 ε > 0 ͱ͢Δɽf  a Ͱʢӈଆʣ࿈ଓͳͷͰ࣍Λຬͨ͢ δ > 0 ͕ଘ͢ࡏΔɿa ≤ t < a + δ ͳ

Β |f(t) − f(a)| < εɽ͜ͷͱ͖ a < x < a + δ ͳΒ a ∈ [a, x] ⊂ [a, a + δ] ΑΓ f(a) ≤ g(x) ≤
maxt∈[a,a+δ] f(t) ≤ f(a) + εͳͷͰ |g(x)− f(a)| ≤ ε͕Γཱͭɽ


