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 1 ΊΑɽٻΛݶۃͷ࣍

(a) lim
x→0

sin(ax)

sin(bx)
(b ̸= 0) (b) lim

x→0

cos(ax)

cos(bx)

(c) lim
x→0

ax − bx

x
(a, b > 0) (d) lim

x→0+0

ax − bx

x2
(a, b > 0)

(e) lim
x→0

(
1

x
− 1

sinx

)
(f) lim

x→∞
(x− log x)

 2 a > 1ͱ͢Δɽ

(a) ҙͷ n ≥ 1ʹରͯ͠ limx→∞
xn

ax = 0͕Γཱͭ͜ͱΛࣔͤɽ

(b) ҙͷ࣮ t > 0ʹରͯ͠ limx→∞
xt

ax = 0͕Γཱͭ͜ͱΛࣔͤɽ

 3 ໋ʮlimx→0+0 f(
1
x ) = αͳΒ limx→∞ f(x) = αʯΛ࣍ͷ֤߹ʹؔͯࣔͤ͠ɽ

(a) |α| < ∞ɽ
(b) α = ∞ɽ

 4 ։۠ؒ (a, b)্Ͱఆٛ͞Εͨؔ f, g ࣍Λຬͨ͢ͱ͢Δɽ

(i) limx→a+0 f(x) = ∞ = limx→a+0 g(x)ɽ

(ii) f, g  (a, b)্ඍՄɽ

(iii) g′  (a, b)্ඇྵɽ

(iv) limx→a+0
f ′(x)
g′(x) = αɽ

͜ͷͱ͖ limx→a+0
f(x)
g(x) = α͕Γཱͭ͜ͱΛࣔͦ͏ɽ·ͣ |α| < ∞ͷ߹Λ͑ߟΔɽ0 < ε < 1ͱ͢Δɽ

(a) Λຬͨ࣍͢ y ∈ (a, b)͕ଘ͢ࡏΔ͜ͱΛࣔͤɿa < t < y ͳΒ | f
′(t)

g′(t) − α| < εɽ

(b) Λຬͨ࣍͢ c ∈ (a, y]͕ଘ͢ࡏΔ͜ͱΛࣔͤɿa < t < cͳΒ 0 < f(t) > f(y)͔ͭ 0 < g(t) > g(y)ɽ

Ҏ্ΑΓ x ∈ (a, c)ʹରͯ͠ hy(x) :=
1−g(y)/g(x)
1−f(y)/f(x) Λ͑ߟΔ͜ͱ͕Ͱ͖Δɽ

(c) Λຬͨ࣍͢ d ∈ (a, c)͕ଘ͢ࡏΔ͜ͱΛࣔͤɿa < x < dͳΒ |hy(x)− 1| < εɽ

(d) Λຬͨ͢ʢεʹґΒͳ͍ʣఆ࣍ C > 0͕ଘ͢ࡏΔ͜ͱΛࣔͤɿa < x < dͳΒ | f(x)g(x) − α| < Cεɽ

Ҏ্ΑΓ limx→a+0
f(x)
g(x) = αࣔ͞Εͨɽ࣍ʹ α = ∞ͷ߹Λ͑ߟΔɽ͜ͷͱ͖

(e) limx→a+0
f(x)
g(x) = ∞͕Γཱͭ͜ͱΛࣔͤɽ

 5 R্ͷؔ f Λ࣍ͰఆΊΔɿ

f(x) =

{
x2 sin( 1x ) (x ̸= 0),

0 (x = 0).

(a) f ݪʢx = 0ʣͰඍՄͰ͋Δ͜ͱΛࣔͤɽ·ͨඍ f ′(0)ΛٻΊΑɽ

(b) ಋؔ f ′ ݪͰ࿈ଓͰͳ͍͜ͱΛࣔͤɽ



ղྫʢୈ 8ճʣ

 1 (a)ͱࢠ x → 0ͷݶۃͰͱʹ 0ʹऩଋ͢Δɽͦ͜ͰͱࢠΛඍ͢Δͱ a cos(ax)
b cos(bx)

x→0−−−→
a
bɽैͬͯϩϐλϧͷ๏ଇΑΓٻΊΔݶۃ

a
bɽ(b) 1ɽ(c) ͱࢠ x → 0ͷݶۃͰͱʹ 0ʹऩଋ͢

Δɽͦ͜ͰͱࢠΛඍ͢Δͱ ax log a − bx log b
x→0−−−→ log a − log b = log a

bɽैͬͯϩϐλϧͷ๏ଇΑ

ΓٻΊΔݶۃ log a
bɽ(d) a = b ͷͱ͖ limx→0+0

0
x2 = 0ɽa ̸= b ͷͱ͖ ax−bx

x2 = ax−bx

x · 1
x ʹҙ͢Δ

ͱɼલͱ limx→0+0
1
x = ∞ ΑΓ a > b ͷͱ͖∞ɼa < b ͷͱ͖ −∞ɽ(e) 1

x − 1
sin x = sin x−x

x sin x ͷͱ

ࢠ x → 0 ͷݶۃͰͱʹ 0 ʹऩଋ͢Δɽͦ͜ͰͱࢠΛඍ͢Δͱ cos x−1
sin x+x cos xɽ͜ͷͱࢠ

 x → 0 ͷݶۃͰͱʹ 0 ʹऩଋ͢Δɽͦ͜Ͱ͞ΒʹͱࢠΛඍ͢Δͱ − sin x
2 cos x−x sin x

x→0−−−→ 0ɽैͬ

ͯϩϐλϧͷ๏ଇΛ 2ճ༻͍ͯٻΊΔݶۃ 0ɽ(f) log x
x ͷͱࢠ x → ∞ͷݶۃͰͦΕͧΕ∞ʹൃ

Λඍ͢ΔͱࢠΔɽͦ͜Ͱͱ͢ࢄ 1
x

x→∞−−−−→ 0ɽैͬͯϩϐλϧͷ๏ଇΑΓ limx→∞
log x
x = 0ɽΏ͑ʹ

x− log x = x(1− log x
x )

x→∞−−−−→ ∞ɽ

 2 (a) nʹؔ͢Δؼೲ๏Ͱࣔ͢ɽ·ͣ n = 0ͷͱ͖ limx→∞
x0

ax = limx→∞
1
ax = 0ɽ࣍ʹ n ≥ 1ͷͱ͖

xn

ax ͷͱࢠ x → ∞ͷݶۃͰͱʹ∞ʹൃ͢ࢄΔɽͦ͜ͰͱࢠΛඍ͢Δͱɼؼೲ๏ͷԾఆΑ
Γ nxn−1

ax log a = n
log a · xn−1

ax

x→∞−−−−→ n
log a · 0 = 0ɽΏ͑ʹϩϐλϧͷ๏ଇΑΓ limx→∞

xn

ax = 0ɽ

(b) n Λ࣮ t > 0 Ҏ্ͷͱ͢Δͱɼҙͷ x ≥ 1 ʹରͯ͠ 0 ≤ xt

ax ≤ xn

axɽલΑΓෆࣜͷӈล

x → ∞ͷݶۃͰ 0ʹऩଋ͢ΔͷͰɼ͞Έ͏ͪͷݪཧΑΓ limx→∞
xt

ax = 0ɽ

 3 (a) |α| < ∞ ͔ͭ limx→0+0 f(
1
x ) = α ͱ͢Δɽε > 0 ͱ͢Δɽ͜ͷͱ͖࣍Λຬͨ͢ δ > 0 ͕ଘ͢ࡏ

Δɿ0 < x < δͳΒ |f( 1x )−α| < εɽैͬͯ x > 1
δ ͳΒ 0 < x−1 < δΑΓ |f(x)−α| = |f( 1

x−1 )−α| < εɽ

Ώ͑ʹ limx→∞ f(x) = αɽ

(b) limx→0+0 f(
1
x ) = ∞ͱ͢ΔɽM ΛҙʹͱΔɽ͜ͷͱ͖࣍Λຬͨ͢ δ > 0͕ଘ͢ࡏΔɿ0 < x < δ ͳΒ

 f( 1x ) > Mɽैͬͯ x > 1
δ ͳΒ 0 < x−1 < δ ΑΓ f(x) = f( 1

x−1 ) > MɽΏ͑ʹ limx→∞ f(x) = ∞ɽ

 4 (a) Ծఆ (iv)ΑΓ໌Β͔ɽ

(b) Ծఆ (i) ΑΓ࣍Λຬͨ͢ c′ ∈ (a, b) ͕ଘ͢ࡏΔɿa < t < c′ ͳΒ f(t) > 0ɽಉ༷ʹ࣍Λຬͨ͢

c′′ ∈ (a, b)͕ଘ͢ࡏΔɿa < t < c′′ ͳΒ f(t) > f(y)ɽैͬͯ c1 := min{c′, c′′, y}ͱ͓͚ c1 ∈ (a, y]͔

ͭ 0 < t < cͷͱ͖ 0 < f(t) > f(y)ɽಉ༷ʹͯ࣍͠Λຬͨ͢ c2 ∈ (a, y]ͷଘࡏΛࣔͤΔɿa < t < c2 ͳΒ

0 < g(t) > g(y)ɽΏ͑ʹ c := min{c1, c2}ͷ݅Λຬͨ͢ɽ
(c) Ծఆ (i)ΑΓ limx→a+0 hy(x) = 1ɽ͜ΕΑΓʢhy ͷఆٛҬͰ͋Δʣ(a, c)ͷதʹͷ݅Λຬͨ͢ d͕

ଘ͢ࡏΔɽ

(d) x ∈ (a, c)ʹରͯ͠ f(x)
g(x) = f(x)−f(y)

g(x)−g(y)×hy(x)ɽ͜͜ͰCauchyͷฏۉͷఆཧΑΓ࣍Λຬͨ͢ ξ ∈ (x, y) ⊂
(a, y)͕ଘ͢ࡏΔɿf(x)−f(y)

g(x)−g(y) = f ′(ξ)
g′(ξ)ɽैͬͯ a < x < dͳΒ (a)–(c)ΑΓ | f(x)g(x) −α| = | f

′(ξ)
g′(ξ) ×hy(x)−α| =

| f
′(ξ)

g′(ξ) × hy(x)− f ′(ξ)
g′(ξ) +

f ′(ξ)
g′(ξ) − α| ≤ | f

′(ξ)
g′(ξ) ||hy(x)− 1|+ | f

′(ξ)
g′(ξ) − α| < (|α|+ ε)ε+ ε < (|α|+ 2)εɽ

(e) M > 0ͱ͢ΔɽԾఆ (iv)ΑΓ࣍Λຬͨ͢ y ∈ (a, b)͕ଘ͢ࡏΔɿa < t < y ͳΒ f ′(t)
g′(t) > Mɽ·ͨ (b)

ͷΑ͏ʹ c ∈ (a, y]Λͱͬͯ x ∈ (a, c)ʹରͯ͠ hy(x)ΛఆΊΔͱ͖ɼ(c)ͱಉ༷ʹ࣍Λຬͨ͢ d ∈ (a, c)͕ଘ

Δɿa͢ࡏ < x < dͳΒ |hy(x) − 1| < 1
Mɽैͬͯ (d)ͱಉ༷ʹ ξ ∈ (x, y) ⊂ (a, y)ΛͱΕɼa < x < d



ͷͱ͖ f(x)
g(x) = f ′(ξ)

g′(ξ) × hy(x) > M(1− 1
M ) = M − 1ɽҎ্ΑΓ limx→a+0

f(x)
g(x) = ∞ࣔ͞Εͨɽ

 5 (a) x ̸= 0ͷͱ͖ f(x)−f(0)
x−0 = x sin( 1x )

x→0−−−→ 0ɽʢ࣮ࡍ |sin| ≤ 1ΑΓ |x sin( 1x )| ≤ |x| x→0−−−→ 0ɽʣैͬ

ͯ f ݪͰඍՄͰ͋Γ f ′(0) = 0ɽ

(b) x ̸= 0 ͷͱ͖ f ′(x) = 2x sin( 1x ) − cos( 1x )ɽ͜ΕΑΓݶۃ limx→0+0 f ′(x)  f ′(0) = 0 Ͱͳ͍ɽ࣮ࡍ

limx→0+0 f ′(x) = 0ͱ͢Δͱ limx→0+0 2x sin(
1
x ) = 0ΑΓ limx→0+0 cos(

1
x ) = 0ɽ͔͠͠ x > 0ΛͲΕ͚ͩ

খ͘͞ͱͬͯ cos( 1x )Ͳ͔͜Ͱ 1ʹͳΔ͔Β͜ΕΓཱͨͳ͍ɽ


