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ֶ੶൪߸ɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹ ɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹɹ໊ࢯ

 1 ͷؔ࣍ f ͷ 1֊ɼ2֊ɼ3֊ภಋؔΛͯ͢ٻΊΑɽ

(a) f(x, y) = cos(αx+ βy) (b) f(x, y, z) = ax2 + by2 + cz2 + pxy + qxz + ryz + sx+ ty + uz + v



 2 ࿈Λ༻͍ͯ࣍ͷ͍ʹ͑Αɽ

(a) ؔ z = exp(x2 + y2)ͷม x, y ɼม tͷؔͱͯͦ͠ΕͧΕ x = sin tɼy = sin 2tʹΑΓ༩͑ΒΕ

͍ͯΔͱ͢Δɽ͜ͷͱ͖ಋؔ dz
dt Λ tͷؔͱͯ͠දͤɽ

(b) ؔ w = sin(xy − z)ͷม x, y, z ɼม s, tͷؔͱͯͦ͠ΕͧΕ x = st2ɼy = 2s+ tɼz = s− 2t

ʹΑΓ༩͑ΒΕ͍ͯΔͱ͢Δɽ͜ͷͱ͖ภಋؔ ∂w
∂s ,

∂w
∂t Λ s, tͷؔͱͯ͠දͤɽ



 3 ؔ f(x, y) = exp(x− y)Λ͑ߟΔɽ

(a) ภಋؔ ∂i+jf
∂xi∂yjʢi, j = 0, 1, 2, . . .ʣΛٻΊΑɽ

(b) ͷఆཧ࣍ TΛ༻͍ͯ f ͷ (1, 0)ͰͷςΠϥʔల։ΛٻΊΑɽ

ఆཧ T ؔ f(x1, . . . , xn) ɼ૬ҟͳΔ 2  a = (a1, . . . , an)ɼx = (x1, . . . , xn) Λͱ͢Δઢ

I = {(1− t)a+ tx; t ∈ [0, 1]}ΛؚΉྖҬ্ CN+1 ͱ͢Δɽ͜ͷͱ͖ڃ ξ ∈ I \ {a,x}͕ଘͯ͠ࡏ

f(x) =
N∑

k=0

∑

i1+···+in=k

1

i1! · · · in!
∂kf

∂xi1
1 · · · ∂xin

n
(a)(x1 − a1)

i1 · · · (xn − an)
in +RN ,

RN =
∑

i1+···+in=N+1

1

i1! · · · in!
∂N+1f

∂xi1
1 · · · ∂xin

n
(ξ)(x1 − a1)

i1 · · · (xn − an)
in .



 4 ؔ f(x, y) = x2 + xy + y3 Λ͑ߟΔɽ

(a) f ͷఀཹΛٻΊΑɽ

(b) f ͷϔοηྻߦΛٻΊΑɽ

(c) (b)ͰٻΊͨఀཹͰ f খʹͳΔ͔ௐΑɽۃେɾۃ͕



 5 ݅ x2 + y2 = 1ͷԼͰؔ f(x, y) = x+ 2y খʹͳΔΛ୳͢ɽۃେɾۃ͕

(a) ͷఆཧ࣍ LΛ༻͍ͯ f ͕ A = {(x, y) ∈ R2; x2 + y2 = ΊΑɽٻখʹͳΔͷީิΛۃେɾۃ্{1

ఆཧ L ؔ f, g ։ू߹ U ⊂ Rn ্ C1 ͱ͠ڃ f ′ = ( ∂f
∂x1

, . . . , ∂f
∂xn

)ɼg′ = ( ∂g
∂x1

, . . . , ∂g
∂xn

) ͱ͓͘ɽf 

g′(a) ̸= 0 Λຬͨ͢ a ∈ A := {x ∈ U ; g(x) = 0} Ͱ A খʹͳΔͱ͢Δɽ͜ͷͱ͖ఆۃେ·ͨۃ্

λ ∈ R͕ଘͯ͠ࡏ f ′(a) = λg′(a)͕Γཱͭɽ

(b) ͷఆཧ࣍ IΛ༻͍ͯ (a)ͰٻΊͨͰ f ͕ A্ۃେɾۃখʹͳΔ͔ௐΑɽ

ఆཧ I ؔ g(x1, . . . , xn, y) ։ू߹ U ⊂ Rn+1 ্ C1 ͱ͢Δɽgڃ  (a, b) = (a1, . . . , an, b) ∈ U Ͱ

g(a, b) = 0͔ͭ gy(a, b) ̸= 0Λຬͨ͢ͱ͢Δɽ͜ͷͱ͖ aΛؚΉྖҬ I ͱ bΛؚΉ։۠ؒ J ͓Αͼ C1

ؔڃ γ : I → J ͕ଘ͕࣍ͯ͠ࡏΓཱͭɿ

(i) b = γ(a)ɽ

(ii) ҙͷ x ∈ I ͓Αͼ y ∈ J ʹରͯ͠ g(x, y) = 0 ⇔ y = γ(x)ɽ

(iii) ҙͷ x ∈ I ʹରͯ͠ gy(x, γ(x)) ̸= 0͔ͭ γxj (x) = − gxj (x,γ(x))

gy(x,γ(x))
ʢj = 1, . . . , nʣɽ



ղྫʢղੳֶ II-1ɿதؒݧࢼʣ

 1 (a) 1֊ɿfx = −α sin(αx+ βy)ɼfy = −β sin(αx+ βy)ɽ2֊ɿfxx = −α2 cos(αx+ βy)ɼfxy =

−αβ cos(αx + βy)ɼfyy = −β2 cos(αx + βy)ɼ3֊ɿfxxx = α3 sin(αx + βy)ɼfxxy = α2β sin(αx + βy)ɼ

fxyy = αβ2 sin(αx+ βy)ɼfyyy = β3 sin(αx+ βy)ɽ

(b) 1 ֊ɿfx = 2ax + py + qz + sɼfy = 2bx + px + rz + tɼfz = 2cx + qy + ry + uɽ2 ֊ɿfxx = 2aɼ

fyy = 2bɼfzz = 2cɼfxy = pɼfxz = qɼfyz = rɽ3֊ภಋؔͯ͢ 0ɽ

 2 (a) ࿈ΑΓ dz
dy = ∂z

∂x
dx
dt + ∂z

∂y
dy
dt = (2xdx

dt + 2y dy
dt ) exp(x

2 + y2) = (2 sin t cos t +

4 sin 2t cos 2t) exp(sin2 t+ sin2 2t)ɽ

(b) ࿈ΑΓ ∂w
∂s = ∂w

∂x
∂x
∂s + ∂w

∂y
∂y
∂s + ∂w

∂z
∂z
∂s = (y ∂x

∂s + x∂y
∂s − ∂z

∂s ) cos(xy − z) = {t2(2s + t) + 2st2 −
1} cos(st2(2s+t)−(s−2t)) = (4st2+t3−1) cos(2s2t2+st3−s+2t)ɽಉ༷ʹ ∂w

∂t = ∂w
∂x

∂x
∂t +

∂w
∂y

∂y
∂t +

∂w
∂z

∂z
∂t =

(y ∂x
∂t +x∂y

∂t −
∂z
∂t ) cos(xy−z) = {2st(2s+t)+st2+2} cos(st2(2s+t)−(s−2t)) = (4s2t+3st2+2) cos(2s2t2+

st3 − s+ 2t)ɽ

 3 (a) ∂i+jf
∂xi∂yj = (−1)j exp(x− y)ɽ

(b) f  R2 ্ C∞ ͳͷͰɼҙͷڃ (x, y) ̸= (1, 0) ͓Αͼҙͷ N = 0, 1, 2, . . . ʹରͯ͠ɼఆཧ

T ΑΓ 2  (x, y) ͓Αͼ (1, 0) Λͱ͢Δઢ্ʹ (ξN , ηN ) ̸∈ {(x, y), (1, 0)} ͕ଘͯ͠ࡏ f(x, y) =
∑N

k=0

∑
i+j=k

1
i!j!

∂kf
∂xi∂yj (1, 0)(x−1)iyj+RNɽͨͩ͠RN =

∑
i+j=N+1

1
i!j!

∂N+1f
∂xi∂yj (ξN , ηN )(x−1)iyjɽ͜͜

Ͱ | ∂
N+1f

∂xi∂yj (ξN , ηN )| = exp(ξN −ηN ) x−y ≥ 1ͷͱ͖ exp(x−y)ҎԼͰɼx−y < 1ͷͱ͖ exp(1−0) = e

ΑΓখ͍͞ɽैͬͯ C = max{exp(x − y), e} ͱ͓͘ͱ C > 0 Ͱ͋Γ |RN | ≤ C
∑

i+j=N+1
|x−1|i|y|j

i!j! =

C
(N+1)!

∑N+1
i=0

(N+1
i

)
|x − 1|i|y|N+1−i = C (|x−1|+|y+1|)N+1

(N+1)!
N→∞−−−−→ 0ɽʢ్தͰೋ߲ఆཧΛ༻͍ͨɽʣ͜ΕΑ

Γ limN→∞ RN = 0ͳͷͰ f(x, y) =
∑∞

k=0

∑
i+j=k

1
i!j!

∂kf
∂xi∂yj (1, 0)(x− 1)iyj = e

∑∞
k=0

∑
i+j=k

(−1)j

i!j! (x−
1)iyjɽ͜Ε͕ f ͷ (1, 0)ͰͷςΠϥʔల։Ͱ͋Δɽ

 4 (a) fx = 2x+yɼfy = x+3y2 ΑΓ fx = fy = 0Λຬͨ͢ f ͷఀཹݪ (0, 0)͓Αͼ (− 1
12 ,

1
6 )

ͷΈɽ

(b) fxx = 2ɼfxy = 1ɼfyy = 6y ΑΓ f ͷϔοηྻߦ Hf =
(

fxx fxy

fxy fyy

)
=
(
2 1
1 6y

)
ɽ

(c) ఀཹ (0, 0)ɿϔοηྻߦ Hf (0, 0) = ( 2 1
1 0 ) ͷݻ༗Λ λ1,λ2 ͱ͓͘ͱ λ1λ2 = detHf (0, 0) = −1 < 0ɽ

͜ΕΑΓ λ1,λ2 ͷූ߸͕ҟͳΔͷͰఀཹ (0, 0) f ͷҌͰ͋Δɽ

ఀཹ (− 1
12 ,

1
6 )ɿϔοηྻߦ Hf (− 1

12 ,
1
6 ) = ( 2 1

1 1 ) ͷݻ༗Λ λ1,λ2 ͱ͓͘ͱ λ1λ2 = detHf (− 1
12 ,

1
6 ) =

1 > 0͔ͭ λ1 + λ2 = trHf (− 1
12 ,

1
6 ) = 3 > 0ɽ͜ΕΑΓ λ1,λ2 ͱʹਖ਼ͳͷͰఀཹ (− 1

12 ,
1
6 )Ͱ f ਅ

খʹͳΔɽۃʹ

 5 (a) g(x, y) = x2 + y2 − 1ͱ͓͘ɽ͜ͷͱ͖ A = {(x, y) ∈ R2; g(x, y) = 0}ɽ·ͨ f, g  R2 ্ C1

Ͱڃ f ′ = (fx, fy) = (1, 2)ɼg′ = (gx, gy) = (2x, 2y)ɽಛʹ g′ ʢݪΛআ͍ͯඇྵͳͷͰʣݪΛؚ·ͳ͍

A্ඇྵɽैͬͯ f ͕ (a, b) ∈ AͰ A্ۃେ·ͨۃখʹͳΔͱ͢Δͱɼఆཧ LΑΓ λ ∈ R͕ଘͯ͠ࡏ
f ′(a, b) = λg′(a, b)ɽ͜ͷͱ͖

a2 + b2 = 1, 1 = 2aλ, 2 = 2bλ



Ͱ͋Γɼ͜ͷํఔࣜΛຬͨ͢ͷ a = ± 1√
5
ɼb = ± 2√

5
ɼλ = ±

√
5
2 ͷΈɽʢෳ߸ಉॱɽʣैͬͯ f  2 

(a+, b+) = ( 1√
5
, 2√

5
)͓Αͼ (a−, b−) = (− 1√

5
,− 2√

5
)Ҏ֎Ͱ A্ۃେʹۃখʹͳΒͳ͍ɽ

(b) gR2্C1ڃͰ g(a+, b+) = 0͔ͭ gy(a+, b+) = 2b+ = 4√
5
̸= 0ɽैͬͯఆཧ IΑΓɼ a+ΛؚΉ։۠

ؒ I ͱ b+ΛؚΉ։۠ؒ J ͓Αͼ C1ؔڃ γ : I → J ͕ଘ͕࣍ͯ͠ࡏΓཱͭɿ(i) b+ = γ(a+)ɽ(ii) ҙ

ͷ x ∈ I͓Αͼ y ∈ J ʹରͯ͠ g(x, y) = 0⇔ y = γ(x)ɽ(iii)ҙͷ x ∈ Iʹରͯ͠ gy(x, γ(x)) = 2γ(x) ̸= 0

͔ͭ γ′(x) = − gx(x,γ(x))
gy(x,γ(x))

= − x
γ(x)ɽI ্ͷ C1 ؔڃ ϕ(x) = f(x, γ(x))ʹؔͯ͠ (iii)ΑΓ ϕ′ = fx+fyγ′ =

1− 2x
γ ɽ͞Βʹ (iii)ΑΓ ϕ′  I ্ C1 Ͱ͋Γڃ ϕ′′ = − 2

γ + 2xγ′

γ2 = − 2
γ − 2x2

γ3 ɽࠓ f ′(a+, b+) = λg′(a+, b+)

Λຬͨ͢ λ͕ଘ͢ࡏΔͷͰ a+  ϕͷఀཹɽ͞Βʹ (i)ΑΓ ϕ′′(a+) = − 2
b+

− 2a2
+

b3+
= − 5

√
5

4 < 0ɽҎ্

ΑΓ ϕఀཹ a+ ͰਅʹۃେʹͳΔͷͰ (ii)ΑΓ f  (a+, b+)Ͱ A্ਅʹۃେʹͳΔɽ

g(a−, b−) = 0͔ͭ gy(a−, b−) = 2b− = − 4√
5
̸= 0ΑΓ (a−, b−)ʹରͯ͠ఆཧ IʹΑΔಉ༷ͷٞ

Մɽͨͩ͠ ϕ′′(a−) = − 2
b−

− 2a2
−

b3−
= 5

√
5

4 > 0ΑΓ ϕఀཹ a− ͰਅʹۃখʹͳΔͷͰ f  (a−, b−)

Ͱ A্ਅʹۃখʹͳΔɽ


